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The mechanical response of many advanced materials is governed by a complex interplay between micro-
structural size effects and time-dependent dissipative processes. Classical continuum theories are insufficient for
these systems as they lack intrinsic length and time scales. This paper introduces strain gradient viscoelasticity
(SGV) within the thermoviscoelastic framework, which is a higher-order continuum theory that provides a
unified spatiotemporal framework linking spatial gradients to temporal evolution. We develop and validate two
distinct numerical solution schemes: a robust mixed-field finite element method and a physics-informed neural
networks framework, which naturally handles higher-order derivatives via automatic differentiation and man-
ages the time integration through a recurrence time-stepping formula. Using the beam bending problem, we
demonstrate that both numerical models show excellent agreement with analytical solutions. Then, by con-
structing spatiotemporal phase portraits, we visualize the coupled nature of the theory, demonstrating how
microstructural features and viscosity fundamentally modulate the mechanical property. Furthermore, we
demonstrate the potential applicability of SGV by showing its ability to characterize the multiscale viscoelasticity
of biological tissues, resolving distinct relaxation times associated with both cellular and microstructural com-
ponents. This study provides a theoretical and computational foundation for modeling advanced materials where
scale and time evolution are inextricably linked.

1. Introduction macroscopic applications, often rely on scale-invariance assumptions,

overlooking the gradient effects arising from microstructural features

The quest to unravel the intricate mechanical behaviors of advanced
materials, from nanostructured crystalline materials to biological tis-
sues, remains a central theme in various engineering and scientific do-
mains. In engineered nanomaterials, such as metallic glasses and
thermal barrier coatings (Liu et al., 2018; An et al., 2020; Zhu et al.,
2018), microstructural heterogeneities interact with time-dependent
processes like creep or damping. Similarly, in biological systems, the
embryo morphogenesis and tissue development are governed by the
interplay of elasticity and viscosity across multiple scales (Hadzipasic
et al., 2024; Mongera et al., 2023). These materials often operate from
the microscale to macroscale. The continuum theory is needed which
can account for intrinsic length scales and temporal dependencies that
govern phenomena like size-dependent stiffness, viscous relaxation, and
dynamic evolution process.

Classical continuum theories, while remarkably successful for many
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such as interfaces, surface energy, and molecular architecture. As the
representative microstructure of these materials decreases into the
micro- and nano-scale, the limitations of classical continuum models
become more pronounced. To address this deficiency, strain gradient
continuum theories have emerged as a powerful framework. By incor-
porating higher-order gradients of the displacement or strain tensor into
the constitutive relations and introducing intrinsic material length scale
parameters, these theories can quantify the influence of microstructure
on the macroscopic mechanical response (Askes and Aifantis, 2011;
Mindlin, 1965; Mindlin and Eshel, 1968; Wei and Hutchinson, 1997).
The theoretical foundation of gradient theories can be traced back to the
seminal works of Mindlin (Mindlin, 1965, 1964), who introduced the
general theory of elasticity with microstructure. Then, various formu-
lations were developed to resolve the limitations of classical continuum
mechanics at microscales. These formulations range from theories based
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on the second gradient of displacement to those incorporating inde-
pendent microrotations (Chen and Wang, 2002; Reddy, 2007; Yu et al.,
2021). The gradient of the strain tensor is a robust kinematic variable for
capturing size effects (Askes et al., 2008; Ding et al., 2023; Polyzos and
Fotiadis, 2012). The higher-order terms in gradient theories are essential
not only for modeling size-dependent stiffness but also for the regula-
rization of singularities in defect mechanics (Askes and Aifantis, 2011;
Lazar et al., 2006). Moreover, recent thermodynamic analysis has
demonstrated that the strain gradient provides a physically consistent
work-conjugate for higher-order stresses (Polizzotto, 2016). Strain
gradient theories have also been developed to derive second-order
gradient constitutive models for architectural materials, establishing a
link between discrete microstructural mechanics and equivalent con-
tinuum responses (Rahali et al., 2021; Rahali et al., 2017). Concurrently,
many advanced materials, such as biomaterials and metals with nano-
structures, exhibit viscous behavior (Chen et al., 2022; Ebrahimi and
Barati, 2017; Lin et al., 2025a). The viscosity of polymers or hydrogels
can come from network entanglement (Gusev and Bernhard, 2024) and
chain interaction (Huang et al., 2022). Grain boundary slips as well as
thermally-activated dislocation movement can result in viscous
behavior in metallic nanocrystalline materials. To accurately charac-
terize these material behaviors, the constitutive theory should explicitly
account for the coupling between microstructural spatial gradients and
temporal evolution.

Integrating spatial and temporal effects can be achieved by formu-
lating the strain gradient theory within the framework of irreversible
thermodynamics. By introducing the strain gradient into the free energy
density and defining appropriate dissipation potentials, the resulting
constitutive law naturally accounts for both higher-order spatial stresses
and viscous effects. Recent advancements have extended strain gradient
model to fracture mechanics, where full-field solutions for cracks reveal
time-evolving stress concentrations mitigated by length scales (Ding
et al., 2023), and to polymer networks, capturing entanglement effects
through gradient-dependent relaxation moduli (Jiang et al., 2023). In
this study, we propose the strain gradient viscoelasticity (SGV) using the
thermoviscoelastic framework, which respects the first and second laws
of thermodynamics to ensure energy conservation and positive entropy
production. The proposed theory results in a system of higher-order
partial differential equations where the spatial gradients are coupled
with the temporal evolution, thereby linking microstructural deforma-
tion to macroscopic response. This would be useful to characterize the
evolution of nonstructural crystalline materials, the morphological
development of active biological tissues, and other complex, time-
evolving processes where scale and history are intertwined.

Furthermore, the mathematical formulation of SGV typically results
in governing partial differential equations that involve both higher-
order spatial derivatives and temporal derivatives or integrals. Solving
these complex equations analytically may be intractable, except for
simple structures. Therefore, robust numerical methods are indispens-
able. The finite element method stands as the workhorse for computa-
tional solid mechanics, widely adapted for classical viscoelastic
problems, although its extension to strain gradient theories presents
non-trivial challenges. Standard finite element formulations often
struggle with the C! continuity requirement imposed by second or
higher gradients of displacement, necessitating the development of
specialized complex finite elements (Wei, 2006), or adding node free-
doms to decrease the continuity requirement (Zybell et al., 2012).
Implementing these within a time-dependent viscoelastic framework
further compounds the complexity. In recent years, physics-informed
neural networks (PINNs) have emerged as a new computational
method (Bai et al., 2025; Karniadakis et al., 2021), leveraging the
expressive power of deep learning to solve differential equations. PINNs
embed the governing physical laws, boundary conditions, and initial
conditions directly into the loss function of a neural network
(Grossmann et al., 2024; Wang et al., 2024). This approach offers po-
tential advantages for problems involving higher-order derivatives,
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which can be handled more naturally through automatic differentiation
inherent in neural network training.

This study advances the field by presenting a comprehensive
computational investigation of SGV, with a dual focus on elucidating its
spatiotemporal capabilities and comparing state-of-the-art numerical
solution strategies. We develop a finite element model for SGV,
addressing continuity and stability issues through mixed elements and
efficient time integration. Furthermore, we pioneer a PINNs framework
for SGV, demonstrating its prowess in capturing the higher-order
boundary conditions and resolving time integration by recurrence for-
mula. Then, we provide a comparison of these two numerical results and
the analytical solution using the beam bending problem. Through this
work, we present both fundamental insights and practical computa-
tional guidance for tackling mechanical problems where the interplay of
microstructural scale and time-dependency is crucial. This paper is
structured as follows: Section 2 develops the strain gradient viscoelas-
ticity with the first and second law of thermodynamics. Section 3 details
the formulation and implementation using the mixed finite element
method and PINNs. Section 4 presents results and a comparative analysis
of the two numerical methods. Section 5 introduces the application of
SGV to a biophysical problem, which can reveal the multiscale visco-
elasticity mechanisms. Finally, Section 6 provides concluding remarks
and discusses future research directions.

2. Thermoviscoelastic framework for strain gradient
viscoelasticity

Classical linear viscoelasticity describes the time-dependent
behavior of polymers, glasses, and many engineering materials
through stress-strain relations that involve hereditary integrals or dif-
ferential rheological models. However, when the deformation field
varies strongly over small spatial scales, classical continuum theories
become inadequate because they do not incorporate intrinsic material
length scales (Huang et al., 2020; Wang and Wei, 2024). Strain gradient
viscoelasticity can provide a natural extension of classical viscoelasticity
by including the dependence of the free energy and dissipation on the
gradients of strain in addition to the strain itself. This extension in-
troduces internal length parameters that regularize localization and
endow the model with objective size effects. A rigorous way to develop a
consistent strain-gradient viscoelastic theory is to derive it within the
thermoviscoelastic framework, starting from the local balances of mass,
momentum, and energy together with the Clausius-Duhem inequality.
This ensures that both the classical stress and the higher-order stress
obey constitutive laws compatible with thermodynamics.

Following the thermoviscoelastic formulation in classical continuum
mechanics, the local form of the energy balance for infinitesimal
deformation can be written as (Christensen, 1982)

pé=W+pr—Qg, M

where p is mass density, e is internal energy per unit mass, r is heat
supply per unit mass, Q; is heat flux per unit area per unit time, comma
in the subscript denotes partial derivative, and W is the deformation
work per unit volume, which can be written as

W= O'ijé'ij + Tijké'ijk7 2)

where is o; the Cauchy stress, &5 = 1/2(u;; + ;) is the strain tensor,
and 7y is the higher-order stress. In this study, we adopt the gradient of
the infinitesimal strain tensor & = &, as the primal higher-order ki-
nematic variable, which is referred as Mindlin’s Form II. This choice
simplifies the constitutive structure while retaining the ability to model
the microstructural effect. There are classical viscosity and higher-order
viscosity. Physically, the classical viscosity governs the dissipation due
to the rate of local deformation, the higher-order viscosity captures the
energy losses arising from the spatially heterogeneous evolution of the
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microstructure. In complex materials such as biological tissues or
polymers, this can represent the coarse-grained structural rearrange-
ments, the friction associated with the relative motion between neigh-
boring micro-constituents in regions of high strain gradients.

Then, the entropy inequality, i.e., Clausius—-Duhem inequality, can be
written as

QT;
T

pTs —pr+ Qi — >0, 3)

( — Bg — Dijkl*dfkl + O'ij) Sl](t) + ( - Cgk — Hijklmn*dglmn + Tijk)éijk(t) +

t 0B;j . t 0Cij

| o (t—7) &(r)dr — /w 5
S

__/ / aI'Iz_)klmn -

of 1w

. £
c-neatidr+ [ %

y, t— 19) SU(]/) é‘kl(19)dyd19

19) éijk (}/) élmn (19)(17(119

(t—y, t—98) T(y) T(9)dyds — LT i,

where s is entropy per unit mass, T is temperature. Introducing the
Helmholtz free energy per unit mass,

H=e—Ts, 4

and combining with Egs. (1-3), lead to the inequality
. . - . iT;
Gijé; + Tykéix — pH — psT — QlT > 0. 5)

Working in small-strain linearized kinematics, the free energy per unit
mass at current time depends on the current strain &(t), its spatial
gradient & (t), and the past histories of these fields as well as the tem-
perature history, i.e.,

PH(E) = pHo + F{le(r), Ve(r). T(),<. }, ©

and it can be expanded into the polynomial representation:

pHO) = pto + [ Byle=r) isn)dr+ [ Cule—7) inlr)ey - / Bt—7)
/ / Dyalt — 7. t— 9) &y(7) &(9)dyd9
o[ e € 9) ) (1070

- %/,w /,m p(t—y, t—9) T(y) T(9)dydd + O(&?),

where Hj is the mean free energy, the integrating functions or me-
chanical properties By(t), Cy(t), A(t), Dyu(t), Hixmn(t), w(t) are
assumed to be continuous for t > 0 and vanish for t < 0. The terms of
0(¢%) are neglected. The coupling terms between strain and strain
gradient are neglected assuming the material is centrosymmetric, for
which odd-order constitutive tensors vanish (Mindlin, 1964). Also, we
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assume the thermal coupling to the gradient field is negligible compared
to the mechanical gradient effects for the isothermal or near-isothermal
processes considered here.

In the following, the Stieltjes convolution symbol , i.e.,

$xdo = (o) /tl)t— 1o (Q)d ®

will be used. Substituting Eq. (7) into Eq. (5), one obtains

(8° +y*dT — ps)T(t)

(t—y) T(r)dy

€©)

where B} = B;;(0) is the initial stress, C}; = Cyx(0) is the initial higher-

order stress, and $° =p(0) is the initial entropy. To satisfy the
inequality for arbitrary rates, the coefficients multiplying these must
give the constitutive identifications for the stress, the higher-order stress

6 = BY + Dyu*de, oo
Ty = CZk + Hijitmn* démn, a
and the entropy

ps = [ +y*dT. -

The fourth-order tensor Dy, and sixth-order tensor Hjjm, can be related
through the scale parameter, which we will derive in the below. The
general framework derived above accounts for full thermomechanical
coupling, which is ready for future multiphysics applications where

T(y)dy

)

thermal coupling is significant. The specific focus of this study is on the
interaction between strain gradients and viscoelastic relaxation. In the
remainder of this work, we assume isothermal conditions, i.e., T = 0,
VT = 0. This simplifies the constitutive equations by removing thermal
expansion and entropy flux terms, allowing us to isolate the mechanical
size effects.
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If we consider the initial state has no stress and higher-order stress,
and write the deformation to volumetric strain and shape change, the
viscoelastic stress—strain relation in Eq. (10) can be written as

Ojj = (Sl]ﬂ * dé’kk + 2G * dé’ij, (13)

where G(t) and A(t) are relaxation functions. Similarly, the higher-order
stress—strain gradient relation becomes

Tk = O5A1 * deppic + 24, * degy, 14

where A; (t) and Az (t) are higher-order relaxation functions for isotropic
solids. The relation between higher-order material parameters and the
classical material parameters are defined as

A1 :ﬂ*dc, AZZG*dC, (15)

where ¢ = c(t) is the gradient viscoelastic parameter. This simplification
allows our model to capture complex behaviors where the size effect
evolves during the deformation process. This intrinsic material param-
eter ¢, governs the magnitude of the strain gradient effect and endows
the material model with size-dependency. A general isotropic strain
gradient theory, requires 18 independent constitutive parameters. Cal-
ibrating such a complex model is often experimentally intractable.
Therefore, we adopt a simplified strain gradient formulation (Askes and
Aifantis, 2011; Gao and Park, 2007). It reduces the higher-order
constitutive tensor to a dependence on a single internal scale param-
eter. While spatially simplified, we retain temporal generality by
allowing this gradient parameter to evolve over time, thereby capturing
the distinct relaxation kinetics of the microstructure relative to the bulk
continuum.

Then, the governing equilibrium equations should be derived. At
current time, the virtual work statement can be constructed as

/(60—58,:,' + Tijk(SEljk)dV = /(fi(slli)dV"r/(pi(SHi + q,—D5u,-)dS., (16)
\4 v N

where f;(t) ,pi(t) and q;(t) are the body force, the traction and higher-
order traction, respectively. Du; = n;dju; is the normal derivative of the
displacement on the boundary with n; being the components of the
outward unit normal vector on dS. Applying the divergence theorem and
integration by parts, one obtains

—/(O’ijj — Tiijk)(SuidV+ /[((Fij — Tijk‘k)njﬁui + (rijknk)éuid-]ds
14 S

a7
= /V(fiéui)dV—&-/s(pi&ui + ¢:Déu;)dS.
The equilibrium equation can be obtained
((71-]- - Tijk‘k)‘j +fi=0, (18)
together with the corresponding natural boundary conditions
(65 — Tikse )y — Dj(MiTiie) +A(D1n1)1ijknknj =D, 19

Tk = qi,
where Dj(e) = (6; — njm;)0;( e ) is the surface gradient operator.
3. Numerical implementation of strain gradient viscoelasticity

The direct finite element implementation of the SGV equilibrium
equation Eq. (18) is challenging. The strain gradient term involves the
second-order spatial derivatives of the displacement field, which would
necessitate the use of C'-continuous finite elements. To circumvent this
continuity requirement, we adopt a mixed-field finite element formu-
lation, which introduces additional node degrees of freedoms to lower
the order of the derivatives in the variational form. Moreover, we also
build a PINN framework for the strain gradient viscoelasticity, which
can decrease the requirement of mixed formulation.
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3.1. Governing equations and mixed variational principle

For the strain gradient elasticity, the mixed-type finite element
formulation has been developed (Amanatidou and Aravas, 2002),
including the three-dimensional one (Zybell et al., 2012). In the
following, we derive the mixed-type finite element formulation of SGV
theory. The additional degree of freedoms ¢; and p;; are included in this

mixed-type formulation. They satisfy

by = €5, Py R Tikk- (20)
Therefore, the strain gradient is relaxed as ny i.e.,

N = Pijes (21)
and the higher-order stress in the finite element calculation becomes

Tk = S0Ar * difyy,, + 245 * diy. (22)

Then, the equilibrium equation Eq. (18) is written as
(65— py); +fi=0. (23)

Therefore, the problem can be formed as a coupled system of equa-
tions: the equilibrium equation Eq. (23) and the kinematic constraints
Eq. (20). The resulting variational statement at current time requires
that:

/(qﬁij — &) ép;dV =0,
v
(Tijk.k - ﬂi~)5¢i-dV =0, 24)
y y
v

[ (e =ry)+ £ Jowav —o.

Applying the Gauss divergence theorem and integrating by parts, Eq.
(24) can be rewritten as

[ @y epan,av=o.
v
/(Tijklsﬂijk + pydpy)dV = /sijéq&ijds, (25)
\4 S
/(aij — p;)SegdV = /f,»éuidVJr /p,»ﬁuids,
\4 v S

where p; denotes the surface traction, s; corresponds to the higher-order
traction. Eq. (25) represents the general variational principle including
external work on the boundary. In this study, we assume the higher-
order boundaries are free of external double tractions. Consequently,
the boundary integral [ss;5¢4;dS vanishes. Dropping this term and
neglecting body forces, we arrive at the simplified weak form used for
the finite element implementation:

1 1
5{/ (E"ijgij + 5Tl + (b — Sij)/’ij>dv} = /p,—&uids. (26)
JV N

It can be found that the mixed-type finite element formulation only
contains first-order derivatives of the independent variables (u;, bis Pi)
and balances them in the weak form of the variational formulation.

3.2. Variational formulation and time integration

The Stieltjes convolution Egs. (13) and (14), representing the
memory of materials, is computationally expensive to evaluate directly
as it requires storing the entire strain history. This challenge can be
overcome using the recurrence formula, which is possible when the
relaxation functions are represented by a Prony series. For demonstra-
tion, we apply the three-parameter model (a spring placed in parallel
with a Maxwell element, as shown in Fig. 1a for 1D case) to describe the
viscoelastic behavior. This model is represented by a fourth-order
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(@) Classical viscoelastic model

L WWTT-
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(b) Higher-order viscoelastic model

H

o

Fig. 1. The three-parameter viscoelastic models. (a) classical and (b) higher-order viscoelastic models. The relaxation time of the classical viscoelastic model is 7, =
n,/E1, and the relaxation time is x, = {1 /H; for the higher-order viscoelastic model.

relaxation tensor Dyj(t).
Considering the isotropic material, the Cauchy stress expressed in Eq.
(13) can be separated into two parts

0j(t) = Diyen(t) + oy, @7

where a{j is the stress acts on the Maxwell branch, i.e.,

of(t)

(T;(t) +UT = Diljkzékl(t)1 (28)
g

Dgj, is the long-term stiffness tensor, Diljkl is the stiffness tensor of the
Maxwell branch, and z is the relaxation time. In the following isotropic
beams, the relaxation time is calculated as the viscous parameter
divided by the elastic modulus. Using the backward Euler method, Eq.

(28) can be written as

r r r
Oiin — Oiin-1 | Oijn 1 Ekln — Ekln-1
Ta T o Pwa 29
t 7y t

where the time increment is At and current time t, = t,_1 + At. We
should select a time step At less than the relaxation time to ensure the
physical accuracy of the relaxation. The subscript n and n —1 denote the
current step and previous step, respectively. Then, the recurrence for-

mula of stress a{j can be obtained
1

0'1(,;,1 = m [013_,1,1 + Diljkl (é'kl.,n - 6'kl.n—l) ] . (30)

Therefore, the stress at the current time step can be expressed as
D} 0%, —Dben1 )
_ o ijkl ijn—1 ijkl=kin—=1""  Seff hist
Oijjn = (Dijkl + 1+At/‘fg> Exln +W = ijklgkl’" + Gij )
(€3]

where Dff is an effective stiffness tensor, and o = (”fj,nq -

Diljklekl,n—1> /(1 + At/zy) denotes the history effect contribution of the

stress. Similarly, the recurrence formula of higher-order stress is derived

as
1 r 1 h
. == + Hijkabc £h + Tijkn-1 — Hijkabcsabc‘n—l
ikn = o
e = | Hikabe 1 6 | Caten 1+ At/x,

ff  h i
= H;kabceabc,n + 1’3;:5(7 (32)

where H .. and Hiljkabc are higher-order stiffness tensors obtained from
Fig. 1b, 7 is the higher-order stress acts on the higher-order Maxwell
unit, Hggubc is an effective higher-order elastic modulus, rg}jt = (1{},(1,171 —
Hacbm, ”Fl) /(1 + At/ky) denotes the history effect contribution of the
higher-order stress, and «; is the microstructural relaxation time. In this
study, it is assumed that the conventional shear and bulk moduli are
governed by the same relaxation time 7,, and the higher-order moduli

share a single uniform relaxation time «,. For certain physical condi-
tions, the time-dependent behavior in the shear and bulk directions may
differ. Relaxation times can be modified according to experimental
measurements.

Furthermore, the principle of virtual work at current time step is

/ (a,-j_née,-j + Tijk_,néegk_’n>dv = /f,éuldV+ [piéll,' + qiD(éul-) ]dS (33)
Q Q 0!

Qr

Substituting Egs. (31) and (32) in Eq. (33), and ignoring the body force,
the weak form becomes

off hist £ _h hist | 5k
/ [(Dijszkl.n + 0 )581'1' + <H§kabcsabc_n + Ty )6£ijk ] dv
Q

= [piéui + qiD(éui) ]dS (34)

0Qr

Then, a functional for the finite element implementation at each time
step can be set as

1 .
o (t) = 5[2 (gijDiejglEkl + sngEgabcggbn)dV+ /Q (‘73‘1“817

+ ot )dv (i + qiDui)ds. (35)

Qr

It should be noted that the history effects (i.e., U}}i“ and rg;'ft) are known
because they are calculated from the previous step state.

For the mixed-type element, additional degree of freedoms ¢ and p
are included. According to Egs. (25) and (26), the functional should also
include

Mix(t) = /QPU ¢y AV — /ﬂpij &5 dV. (36)

Therefore, the final formula of the functional for the mixed-type element
is
IT = Mo + Miix. 37)

Then, the finite element model based on the above formulations can be
accomplished using the open source FEniCS project (Alnzs et al., 2014;
Scroggs et al., 2022a, 2022b; Baratta et al., 2025), where the domain is
discretized into a mesh of finite elements and the problem is solved by
finding the minimum value of the functional.

3.3. Physics-informed neural network implementation

This section details the physics-informed neural networks (PINNSs)
framework developed to solve the initial boundary value problem of
strain gradient viscoelasticity. We adapt a variational energy-based
PINNSs, also known as the deep energy method (Bai et al., 2025; Sama-
niego et al., 2020; Zhuang et al., 2021), by introducing the time inte-
gration and the higher-order boundary conditions. We integrate this
framework with the recurrence, incremental time-stepping procedure
derived in Section 3.2. The overall workflow, illustrated schematically
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Neural networks
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Physical laws

e N e —
a, bl - @ Strain tensor
Strain gradient tensor
a, b2 ° s u(?) Autograd
N Constitutive equation
> ‘ : : : |+ (0lox)—
g([) Output consistency
a b) - (n
! . . I »|  Potential energy
~———
a; b, - m ) ¢
L ;
+ No Converge} Energy loss &
Higher-order boundary
t=1t+At Yes Optimizer: Adam + L-BFGS

Fig. 2. Schematic of the physics-informed neural network for strain gradient viscoelasticity. At each time step, the network takes coordinates x as input and outputs
displacement and an additional strain field. These are used to compute the potential energy and other loss terms, which are minimized to update the trainable

parameters of networks.

in Fig. 2, solves a pseudo-elastic problem at each time step to capture the
full time-dependent material response.

3.3.1. Formulation of PINNs architecture

In the energy-based PINNs for viscoelasticity, the core idea is to
approximate the displacement field uyy at discrete time points ¢; (i = 0,
1, ..., n) using the neural networks (Abueidda et al., 2022; Lin et al.,,
2026). The network takes spatial coordinates x as input and outputs the
displacement vector at that specific time step:

unn (X, t;) = Ny (x; wy), (38)

where Ny, (+) is the neural network mapping with trainable parameters w,
at time step t;, and x is the position of material points. A key advantage
of this framework is that spatial derivatives of uyy required for
computing strain and strain gradient can be calculated analytically and
efficiently using automatic differentiation.

While automatic differentiation can compute the second-order de-
rivatives required for SGV, directly optimizing a loss function involving
such terms can be challenging, mainly because the loss term with higher-
order derivatives tends to be optimized to zero. Therefore, we also use
the “mixed-type” idea in the PINNs framework, but not as strict as in the
finite element. The neural networks also output an additional strain
field, as shown in Fig. 2, which is used to calculated the strain gradient, i.
e.,

{uNN(x, t), eh(x, ti)} =N(x;w), (39)
Egk = E] .

The directed output strains are enforced by a regularization term,

& — 65 , where g is calculated based on the output displacement uyy.
In practice, the neural network architecture, i.e. the number of hidden
layers and the number of nodes per layer, is flexible and can be adjusted
based on the PDE complexity (Li et al., 2024; Nguyen-Thanh et al.,
2020). In this study, the neural network includes three hidden layers and
each layer contains forty neurons, which is used to output the
displacement and directed strain eidj. The tanh activation function is used

in this study.

The network parameters w are optimized by minimizing a composite
loss function that encodes the physics of the system. This loss function is
constructed from three primary components. The first component is the
potential energy. Under the same condition of vanishing external
higher-order tractions, the potential energy at each time step can be
written as

1 _
My = 3 L (eiijjflskz + EngfjffabceZdeVJr L (o’}}‘s‘eij
b it )av— / pit ds, (40)
S

according to the recurrence time-stepping formula derived in the pre-
vious section, i.e., Egs. (27-35). This recurrence update allows for the
efficient computation of the history-dependent stress without storing the
full strain history. The second component is the kinematic consistency.
This penalty term enforces that the additional strain output &? is
consistent with the true strain computed from the displacement output
uyy. It is formulated as a mean squared error:

2

Leon = /’)H% [Auyy + (AuNN)T] — ¢ (41)

where the penalty factor f is chosen as 5e4 in this study. Furthermore, in
the strain gradient theory, there are higher-order boundary conditions.
We use the neural network and the automatic differentiation function to
obtain the value on the specific boundary, and make them are satisfied
with the boundary conditions, i.e.,

Libe = ®i(bpe-1 — by)* (42)

where by, - ; is the value on the boundary i that obtained from the neural

network, Bi is the boundary constraint value, and ¢; is the penalty factor.
Therefore, the network parameters w can be found by minimizing the
loss function:

(7]

w = argmin, .,/
= argming, [HPINN(U-, ou/ox 7a€d/ax7 G, 4, A1, Az) + Leon +thc]7
(43)

using the gradient descent method (Adam (Kingma and Ba, 2017) first
and then L-BFGS in this study). Once converged, the displacement field
u(x,t;) and the directed strain are e? obtained, and then the corre-
sponding strain tensor, strain gradient tensor can be obtained. The stress
tensor, higher-order stress tensor, and the history-dependent items can
be calculated and updated. Then, the simulation advances to the next
time step t;;; with increment At, and the time increment should be
smaller than the relaxation time to avoid inaccurate results. This in-
cremental process allows simulation of the full time-dependent visco-
elastic response.
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3.3.2. Implementation of boundary conditions

The traction boundary conditions are naturally incorporated through
the external work term in the potential energy functional, and the higher-
order boundary conditions are included explicitly in the loss function as
describe by Eq. (42). For classical displacement boundary conditions,
there are two main approaches to impose within energy-based PINNs: the
soft and hard ways. The soft way means adding a penalty term to the loss
function that penalizes deviations from the prescribed displacement (Bai
et al., 2025; Barrett and Elliott, 1986), like we did for the higher-order
boundary conditions. We use the hard enforcement to impose the
displacement boundary conditions. This method imposes the boundary
conditions exactly without adding penalty terms to the loss function,
which can be beneficial for training convergence (Bai et al., 2025).
u(x,t) = U(x,t) for x € I'(x) can satisfy by modifying the displacement
filed output by PINNs through distance functions:

u(x, t;) = N(x;w) © b(x) + u(x, t;), (44)

where © means the element-wise product, and b is an approximate
distance function to the boundary I'(x) which denotes the shortest dis-
tance of a point x to the essential boundary. The distance function is
non-negative and b(x) = 0 only when x € I'(x). For the simple geometry
with explicit boundaries, the method in Eq. (44) is easy to implement.
For complex geometries, the boundary conditions can imposed using
distance functions (Sukumar and Srivastava, 2022). Different methods
to impose displacement boundary conditions on PINNs have been listed
and compared by Berrone et al. (Berrone et al., 2023).

4. Analytical and numerical results

This section presents a comprehensive analysis of cantilever and
simply-supported beam bending problems to validate the proposed nu-
merical frameworks and investigate the physical predictions of the SGV
theory. The slenderness of the two-dimensional (2D) beam used for
numerical simulation is set as L. = 10 h, where L is the beam length, and
h is the beam height. The material parameters are E,, = E; and the
Poisson’s ratio v = 0 in the numerical analysis in order to more corre-
spond to the one-dimensional analytical Bernoulli-Euler beam solution.
The beam is subjected to the external pressure q(t) = qod(t) on the top
surface, where J(t) denotes the Heaviside function. The material pa-
rameters used for the benchmark problems in this section are chosen for
illustrative purposes to verify the numerical implementation. They
represent a generic viscoelastic solid with properties selected to high-
light the interaction between the internal length scale and the structural
dimensions.

For the finite element implementation of the beam, the FEniCSx-0.7
is used with first-order quadrilateral elements. The element size was set
to h/10 unless otherwise specified, resulting in a 100 x 10 mesh. Each
node of this 2D model has eight degrees of freedom corresponding to the
mixed-field variables, i.e., (ux, Uy, Baxs Pyys Py P Py pxy>. The
boundary conditions, including the higher-order ones (Egs. (A7) and
(B4)), can be applied. Then, the functional Eq. (37) is solved using the
Newton-Raphson method. For the PINNs implementation, the density of
collocation points was selected to match the nodal resolution of the
finite element mesh to ensure a consistent comparison. The higher-order
boundary conditions of beams are enforced softly via a penalty term. As
described by Egs. (A7) and (B4) corresponding to cantilever beam and
simply-supported beam respectively, the higher-order differential is
obtained using the automatic differential function of Pytorch. The
training of PINNs constitutes a multi-objective optimization task where
the total loss is a weighted sum of the governing equation residuals and
boundary condition errors, as descript by Eq. (43). The selection of loss
weights follows a systematic approach based on balancing the gradient
magnitudes. In this study, the higher-order boundary conditions can be
applied according to Eq. (42), with the penalty a; = 500. The penalty
factor # in Eq. (41) is chosen as = 5e4.
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4.1. Analytical formulation for a Bernoulli-Euler beam

The bending of a beam is selected as a representative model in this
study because it is a canonical problem in solid mechanics. Its well-
understood kinematics provide a robust foundation upon which the
more complex interactions of strain gradient and viscoelastic effects can
be clearly investigated and isolated. A Bernoulli-Euler beam of length L,
width b, and height h, is considered. The x axis is colinear with the
centerline of the beam, and y, z axes are within the cross-section. x, y, 2
are enumerated as 1, 2, 3. The displacement components are given as

U = 7Z¢(X, t)>u2 =0,u3 = W(X, t)7 (45)
where ¢(x,t) denotes the rotation angle of the beam cross-sections
around y—axis. For a slender beam, the transverse shear is always

ignored, that is ¢ ~ dw/dx = w'.
Then, the non-vanishing component of strain is

£ = —aw', (46)

and the strain gradient components are
11 = — 2w’ ez = — W' (47)
The stress 01, can be obtained by neglecting the Poisson effect, i.e.,

o1 =Exdey; = —zExdw’, (48)

and higher-order stress 7111, 7113 are

7111 = A x d€111 = —2A % dWW = —gE xdc * dWW, (49)

T113 = A % d8113 =—-Ax dW” = —Exdcx dW”‘
We define the total stress as y; = 03 —7jx k- The total normal stress in x
direction can be obtained

H11 = 011 — T111,1 — 71133 = —2E« dw’ +2E = dc * dVVIV (50)

Conditions of equilibrium require that the resultant of the internal
forces on the cross-section should be zero, and the moment equals the
bending moment, that is,

/ 411,dS =0, (51)
N

/(Zﬂll + T113)ds = —M7 (52)
N

with

M dQ

E—Q‘, E—Q(x)‘ (53)

Substituting Egs. (49) and (50) into Egs. (51) and (52), one obtains

/(zE #dw' +zA +« dw'V)dS = (Exdw" + A * dw“’)/zdS =0, (54)
S S

/( CPExdw +2Axdw" — A« dw')ds
s (55)
S (“Evdw + A~ dw‘V)/des - /(A + dw')dS = —M.

N S

Because the coordinate origin is the cross-section center, i.e., fszdS =0,
Eq. (54) is naturally satisfied. With [;22dS = I denoting the moment of
inertia, Eq. (55) becomes

IE % dw" +aE = dc * dw” — IE = dc * dw" = M, (56)
where a is the area of the cross-section. From Egs. (53) and (56), the

governing equation of Bernoulli-Euler beam in bending can be described
as
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(IE 4 aE * dc) * dw" —IE  dc + dw"" = q. (57)

The governing equation and boundary conditions can also be derived
using the variational principle, as in the paper of Lin and Wei (Lin and
Wei, 2020).The boundary conditions at x = 0, L are

M, — M, = Q; or w=wy,
M —M,+M; = Oorw =w,, (58)
My +My, = Oorw' =w,

where Qs(t) is the boundary shear force, M;(t) and My (t) are the
boundary moment and higher-order moment. The moment M; is

M; = (IE + aA) x dw" = (IE + aE * dc) = dw’, (59)
and the higher-order moment Mj, is

My, = My(t) =IA xdw” = IE x dc x dw”. (60)

Eq. (57) includes the effect of the deformation history, which is
described by the Stieltjes integral. Therefore, the viscosity exhibited
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during beam bending can be explained. If the viscosity is not considered,
the governing equation and boundary conditions will reduce to the
classical gradient elastic Bernoulli-Euler beam model (Lurie and Sol-
yaev, 2018)

(EI + cEa)w" —IcEw"" = q. (61)

The governing equilibrium equation for Bernoulli-Euler beam bending
has been given. The solutions for different types of beams bending
problems can be obtained by combining them with the appropriate
boundary conditions. The theoretical solution of the cantilever beam
and simply-supported beam can be found in Appendices A and B.

In the SGV theory, the gradient parameter is time-dependent and has
a finite value, as in Eq. (A12). Att = 0, the gradient parameterisc|,_, =
ce. For t—oo, the gradient parameter is c|,_, = Ce. c. is an elastic
gradient parameter which links the classical moduli and higher-order
moduli (Appendix A). The relation between the gradient parameter
and the ratio g /7, has been discussed in the previous work (Lin and Wei,
2020). Furthermore, the higher-order viscosity related to the micro-/

(b) Simply-supported beam
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Fig. 3. Dimensionless deflection over time of beams, with x, /7, = 0.01, E,, = E;. SGE denotes the results of the classical strain gradient elasticity with the elastic
modulus Ey = E,, + E;, and Stead state denotes the result at t—oo. (a) Deflection at the free end of the cantilever beam for different gradient parameters. (b)
Deflection at the center of the simply-supported beam over time for different gradient parameters. (c-d) Deflections of the cantilever beam and simply-supported
beam calculated using three methods: theoretical analysis, finite element method and PINNS, respectively.
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nano-structure evolution should be more rate-sensitive than classical
viscosity. Therefore, the classical relaxation time should be much larger
than the higher-order relaxation time, that is 7, > k;. In this study, the
relaxation times are set as kg < 7g.

4.2. Time-dependent deformation of the beam

The time-dependent beam deflection is concerned firstly. Fig. 3
shows the relation between dimensionless deflection and time for
different dimensionless gradient parameters, where we. = qoL*/(8EoI)
and wes = 5qL*/(384E,I) are the maximum deflections of the cantilever
beam and simply-supported beam in the classical elasticity, respectively.
SGE in the legend denotes the classical strain gradient elasticity results
with modulus Ey =E,, + E;, and gradient parameter ¢c; = c.. In Fig. 3a-
b, the dimensionless deflection increases with time, i.e., the material
undergoes creep or a gradual softening of the material. In the initial
phase, the deflection ascends sharply with time because the micro-
structural viscoelasticity relaxes quickly. When the time continues to
increase, the dimensionless deflection tends to a steady-state value. The
results of gradient viscoelastic deflection are always larger than the SGE
result, but smaller than the classical elastic result (the dimensionless
deflection always smaller than 1.). There is a strengthening effect of our
theory compared with the traditional elasticity theory, but a time-
dependent softening evolution compared with the classical strain
gradient elasticity.

Furthermore, we validate our finite element and PINNs imple-
mentations against the derived analytical solution. Fig. 3c-d plots the
maximum beam deflection over time for both cantilever and simply-
supported cases. An excellent agreement is observed among all three
methods, confirming that both the mixed-field finite element and the
PINNSs accurately capture the SGV response and its temporal evolution.
This indicates that these two numerical methods may provide solution
for complex structural problems in the future.

For the recurrence method implemented in PINNs, there may be
some errors, as shown in Fig. 4. There are two main reasons: first, the
PINNs approximates the solution by minimizing a composite loss func-
tion. This loss function represents a multi-objective optimization prob-
lem, balancing the governing physical laws (e.g., potential energy),
higher-order boundary conditions, and other constraints (constant

1 ] T 1 T
0.40 - -
0.35 | e
2 = Theoretical solution
= 030 ®  PINN solution 1 7
& PINN solution 2
0.25 |- g
0.20 4
1 L 1 1 1
0 100 200 300 400

t/xg

Fig. 4. Comparison of numerical error in the incremental PINNs framework.
When the tolerance and the weights of loss items are different, the simulation
results of PINNs may have numerical error: PINN solution 1 with the larger time
step At > k,, and PINN solution 2 with the larger tolerance (1e-5).
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before each loss item). The training process is terminated when a pre-
defined tolerance is met, resulting in a non-zero residual loss. This re-
sidual signifies a slight discrepancy in satisfying all objectives simulta-
neously and is the fundamental source of the approximation error in the
calculated displacement increment, Au, at each step. Second, this in-
cremental method to viscoelasticity is the path-dependent nature of the
material model. The error in the deformation increment from a given
step is not isolated. It is used to update the internal history variables,
which encapsulate the memory of the viscoelastic materials. Conse-
quently, the initial state for the subsequent time step is marginally
perturbed from the true physical state. This introduces a compounding
effect, where the error from previous steps is propagated. When we
lowered the termination tolerance for the loss function (1e-6) and give
smaller time step at first (At = k;/10), the magnitude of this error can be
strictly controlled, as shown in Fig. 3c-d.

While error accumulation is an inherent characteristic of this PINNs
method, its magnitude can be controlled and minimized through several
strategic approaches. The selection of a particular strategy often in-
volves a trade-off between computational cost and desired accuracy. The
most direct method is to lower the termination tolerance for the loss
function at each time step. Training the network to a smaller residual
loss directly reduces the magnitude of the per-step error that is propa-
gated. The primary drawback is a significant increase in the computa-
tional cost for each incremental step. Besides, the static weights assigned
to different components of the loss function (e.g., physics vs. boundary
terms) heavily influence the optimization landscape. Implementing
dynamic or adaptive weighting schemes, which adjust the weights
during the training process, can prevent any single term from domi-
nating and guide the optimizer to a more balanced and accurate solu-
tion. Furthermore, employing hybrid optimization strategies, such as
using the Adam optimizer for global exploration followed by a quasi-
Newton method like L-BFGS for fine-tuning in this study, can often
locate deeper minima in the loss landscape.

4.3. Size-dependent deformation of the beam

The dimensionless deflection against the dimensionless gradient
parameter obtained from three methods is illustrated in Fig. 5. For both
beam types, the deflection decreases monotonically as the length scale
increases. This demonstrates the characteristic size-dependent stiffening
effect: materials with a more pronounced microstructure exhibit a
higher resistance to bending. Moreover, the SGV can describe time-
dependent behavior than traditional theories. When the microstruc-
tural and macroscale viscoelasticity are different (different «,/7, in the
figure), the deformation can be very different at the same time. The
strain gradient strengthening effect and the deformed pattern can also
be seen in Fig. 6. The strain gradient viscoelastic theory gives a larger
deflection than the traditional gradient elasticity theory at the same
position of the beam with the same gradient parameter. The beam
stiffness increases as the gradient parameter increases. Besides, it can be
found that the finite element and PINNs can capture the beam defor-
mation accurately along the beam.

To evaluate the practical viability of the proposed framework, we
compared the computational resources required for the equivalent
mixed-FEM simulations against the PINNs simulations. Table 1 sum-
marizes the wall-clock time for the representative benchmark problems.
Computations were performed on a standard computer equipped with
an AMD Ryzen 7 5700G CPU (3.80 GHz) to ensure a direct comparison.
It is observed that the training time for the PINN exceeds the solution
time of the finite element solver for a single forward simulation. How-
ever, this computational premium offers distinct advantages in the
context of gradient theories. Unlike FEM, which requires complex
element formulations to handle the higher-order spatial derivatives in
strain gradient theory, PINNs satisfy these smoothness requirements
naturally through the activation functions and automatic differentia-
tion. Once the network is trained, the inference cost is effectively
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Fig. 5. Dimensionless deflection over the dimensionless gradient parameter for different g /7,, with t = 50xg, E,, = E;. SGE denotes the results of the classical strain
gradient elasticity with the elastic modulus Ey = E,, + E;. (a) Deflection at the free end of the cantilever beam. (b) Deflection at the center of the simply-
supported beam.
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Fig. 6. Dimensionless deflection distribution along the length of beams for different c./h? at t = 10k,, with kg/7, = 0.01 and E,, = E;. (a) The cantilever beam. (b)
The simply-supported beam. (c-d) Deformation of beams obtained from PINNs.

instantaneous. Moreover, the trained parameters can serve as an opti- 4.4. Analysis of coupled spatiotemporal behavior

mized initialization for subsequent simulations with perturbed material

properties, which means transfer learning, significantly amortizing the The power of the SGV framework lies in its ability to capture the
initial training effort across multiple analyses. coupling between spatial, microstructural effects and temporal evolu-

tion. To visualize this, we present spatiotemporal phase portraits in
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Table 1
A computational cost comparison of PINN and FEM for beam bending.

Problem Method  Mesh / Network size CPU time for time step
Beam FEM 10 x 100 elements ~03s
bending
Beam PINN 3 x 40 neurons; 4000 Train: ~ 5 mins; Inference:
bending sample points ~02s

Fig. 7, which plot the beam deflection as a function of both time and the
length scale parameter. These plots reveal a smooth surface where the
state of the system (deflection) is uniquely defined by its position in the
time-space domain. At t = 0, the response is governed purely by spatial
gradients (the strain gradient elasticity limit). As time evolves, the entire
surface lifts upwards, representing global viscoelastic relaxation. This
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temporal evolution, modulated by spatial gradients, manifests as a
smooth transition across the phase space, underscoring the natural
encoding of spatiotemporal features of SGV. The spatial dimension links
microstructural effects to macroscale mechanical responses, while the
temporal dimension captures the time-dependent evolution, offering a
unified framework that transcends the limitations of classical local
theories.

The derived framework offers a useful method to analyze structures
with complex microstructural effects, which can be more obvious in
advanced structural materials under extreme conditions, such as the
extreme high temperatures. SGV can be used to characterize property
evolution through the interplay of gradient-viscous coupling. This
framework shows promise in characterizing active biological tissues,
where hierarchical microstructures induce gradient-like responses
coupled with viscoelastic remodeling.

(b) Simply-supported beam
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Fig. 7. Spatiotemporal effect captured by the strain gradient viscoelasticity. (a-b) For beams with various microstructures and viscoelasticity.
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Fig. 8. Bending of a clamped-supported beam, with k; /7, = 0.01, E, = Ej, ce/h* =0.1, and the clamped boundary u; = 0, u; = 0 and ¢; = 0. (a) Deflection at time
t/kg = 400. (b) Dimensionless Cauchy stress ¢1; along the top surface of the beam. The Cauchy stress is calculated based on the current effective modulus E; and
strain. (c) Dimensionless higher-order stress 7111 along the top surface of the beam (excluding results very near the corner). (d) The element size effect on the higher-
order result near the clamped corner at time t/x; = 400. The element size is uniform and the size of (a-c) is L/400. The higher-order stress is calculated based on the

current effective higher-order modulus H; and strain gradient.
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4.5. A statically indeterminate example: The propped cantilever beam

To further evaluate the capability of the proposed mixed-field
framework in solving statically indeterminate problems, we consider a
propped cantilever beam. The beam is clamped at the left end (x = 0)
and vertically supported by a roller at the right end (x = L). It is sub-
jected to a uniform distributed load. In higher-order continuum theories,
the treatment of clamped boundaries presents an interesting discussion
regarding the higher-order boundary conditions (Lam et al., 2003;
Lazopoulos and Lazopoulos, 2010; Papargyri-Beskou et al., 2003). To
demonstrate the critical influence of the micro-boundary conditions on
the macroscopic limit, two distinct clamping cases are discussed.

Case A: The micro-clamped boundary, i.e., the kinematic micro-
constraint.

In this case, representing an ultra-hard clamp, the material micro-
structure is assumed to be rigidly gripped by the support. In the 2D finite
element framework, this is enforced by fixing both the macroscopic
displacements (u; = 0, up = 0) and artificially constraining the nodal
strain degrees of freedom ¢; to zero at the boundary, which is analogous
to w’ = 0 in 1D theory (Lam et al., 2003; Lazopoulos and Lazopoulos,
2010). The deflection is shown in Fig. 8a. A critical aspect of this
benchmark is the stress distribution at the clamped wall. In classical
linear elasticity, it is well-established that the fully clamped boundary
exhibits a stress singularity at the corners, as the transition from a fixed
to a free boundary creates unbounded stresses (Gregory and Gladwell,
1982). In the micro-clamped boundary, the strain gradient framework
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fundamentally alters this behavior through non-local regularization, as
shown in Fig. 8b. The higher-order boundary conditions at the clamped
end include the strain degrees of freedom ¢; = 0, and the classical
Cauchy normal stress 017 becomes to vanish at the wall. The bending
moment at the wall is supported entirely by the higher-order stress 7111,
which remains non-zero (Fig. 8c-d). As shown in Fig. 8d, the higher-
order stress 7111 exhibits a localized singularity at the clamped corner.
In the numerical finite element framework, this is verified by the lack of
mesh convergence at this specific node: as the element size decreases,
the peak value of 7117 increases without bound. Consequently, when the
classical limit is approached, i.e., c—0, the strain gradient effect van-
ishes, leaving the cross-section completely unable to develop a bending
moment. This means that the strict micro-clamped assumption is phys-
ically meaningful when the strain gradient effect is not neglectable and
fails to recover the classical size-independent continuum condition.
Case B: The macro-clamped boundary, i.e., the natural micro-constraint.
In this case, representing a conventional macroscopic wall, the
support restricts average translation and rotation but permits the
microstructure to deform naturally to carry the load. In the 2D formu-
lation, the standard classical kinematic constraints are applied (u; = 0,
up = 0), but the nodal strain degrees of freedom are left unconstrained.
This naturally enforces the vanishing of the higher-order work-conju-
gate tractions, allowing the classical strain components to develop
freely. The deflection is shown in Fig. 9a, which exhibits a slightly larger
magnitude than the one in Case A. The stress profiles are shown in
Fig. 9b-d. By leaving the strain degrees of freedom unconstrained, a non-
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Fig. 9. Bending of a clamped-supported beam, with x,/7, = 0.01, E,, = E;, and the clamped boundary u; = 0, u; = 0. (a) Deflection at time t/x, = 400. (b)
Dimensionless Cauchy stress o1 along the top surface of the beam. (c) Dimensionless Cauchy stress 011 along the clamped boundary at different times. (d)
Dimensionless Cauchy stress 617 along the top surface of the beam (excluding results very near the corner) with different microstructural effects. The element size
effect on the dimensionless stress near the clamped corner at time t/x, = 400(e) and at the classical elastic condition (f). The element size is uniform and the size of

(a-d) is L/400.
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Fig. 10. Spatiotemporal effect of biological tissue and the characterization of strain gradient viscoelasticity. (a) Different viscosities of biological tissue at different
scales. There are at least two timescales for viscous characterization: the stress relaxation timescale of cytoplasm is 0.1-1 s, and the timescale of cellular junction is
tens of seconds. (b) The magnetic microdroplet used to test the viscoelasticity of biological tissue, where dashed line is the inactive state which is activated in the
direction of the arrow. Adapted from (Mongera et al., 2023). (¢) Maximum deformed displacement of the rectangular plate with a circle hole, with the pressure
around the perimeter boundary of hole p =pg[1.0 + 0.8 cos(26)] and pressure magnitude py = E.,/10. The initial geometry of the rectangular plate is a length of
L =200 pm and a width of b = 160 pm, and the radius of the circular hole is R = 30 pm. The symmetric boundary conditions are applied along the symmetry axis
(x =0andy = 0). (d) The loading and unloading curve of the problems shown in (c), the strain was the strain magnitude of ¢;; at the x-direction near the point [R,
0]. (e) Comparison of FEM simulation and experimental data (viscoelasticity of yolk, from (Serwane et al., 2017)), which indicates that our strain gradient
viscoelasticity can capture the viscoelastic behavior of biological tissue. Time zero corresponds to the start of the relaxation process following the removal

of pressure.

vanishing classical stress 017 naturally develops to support the bending
moment (Fig. 9¢). Moreover, as the material length scale vanishes, the
011 converges to the classical, size-independent continuum solution
(Fig. 9d). Furthermore, the 2D continuum model using the strain
gradient theory removes the singularities at the extreme clamped corner
of the clamped cross-section, yielding a finite, physically bounded stress
concentration (Fig. 9e). When the strain gradient effect is neglected
(c.=0), the stress singularity occurs (Fig. 9f), which is the result of a
conventional 2D linear elasticity.

5. A potential application: Multiscale viscoelasticity of
biological tissues

To demonstrate the capacity of the SGV model to capture the com-
plex, cross-scale mechanical behavior of real physical systems, we apply
our PINN framework to a problem inspired by the viscoelasticity of
biological tissues. Cellular and tissue mechanics are inherently multi-
scale, where the viscous response is governed by mechanisms acting at
different characteristic length and time scales ((Lin et al., 2025b),
Fig. 10a). For instance, the stress relaxation timescale of cytoplasm is
quick (0.1-1 s), governed by protein diffusion and network reorgani-
zation, while the relaxation of cell-cell junctions and the extracellular
matrix (ECM)-cell adhesion is much slower (tens of seconds) (Cheng
et al., 2025; Serwane et al., 2017). Classical viscoelasticity, defined by a
single constitutive law, cannot fully capture this scale-dependent vis-
cosity. The SGV framework provides a natural solution because its two
independent viscosity terms, i.e., the classical viscosity and the higher-
order viscosity which linked to microstructure.

A rectangular domain with a circular hole is used to simulate the
experiments shown in Fig. 10b (Mongera et al., 2023; Serwane et al.,
2017). The rectangular domain with a circular hole is subjected to an
internal pressure around the perimeter of the hole, followed by a
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relaxation process. The mechanical parameters are set to reflect the
multi-scale nature of the tissue according to the experiments (Serwane
et al., 2017): the moduli E,, = 60 Pa, E; = 70 Pa, and viscous param-
eter 7, = 1le3 Pa-s. Other parameters are set as the initial gradient
parameter ¢y = 10 um?, and the microstructural viscous parameter ¢;
1072p;. The internal pressure is applied instantaneously, where the
steady deformation after applied the tension is illustrated in Fig. 10c.
Then, the pressure is removed and the subsequent relaxation of the
overall strain is monitored, as shown in Fig. 10d. Then, Fig. 10e presents
the comparison between the finite element method (FEM) simulation
results using the SGV model and representative experimental data for
biological tissue (yolk) recovery process after the force acted on the
microdroplet is removed. The SGV model can capture the complex
profile observed experimentally: it shows a rapid initial decay, accu-
rately matching the sharp strain drop in the experimental data. This is
attributed to instant elastic release and the higher-order viscosity term
relaxing quickly due to its small relaxation time. Then, the curve tran-
sitions to a much slower decay, eventually reaching a steady-state value.
This segment is governed by the classical viscosity term with its large
relaxation time.

The agreement (Fig. 10e) shows that the SGV framework is possible
characterizes the scale-dependent viscosity of biological tissues
(Hadzipasic et al., 2024; Mongera et al., 2023). By allowing different
length and time scales to evolve independently but coupled within the
same continuum model, SGV may provide a powerful tool for predictive
modeling in biomechanics and materials science. However, the current
SGV framework is formulated within the context of linear kinematics
and linear viscoelasticity. While this is sufficient for modeling small-
deformation relaxation phenomena, biological tissues and soft poly-
mers often undergo large deformations and active structural remodel-
ing. Future extensions of this work will generalize the theory to finite
strain gradient viscoelasticity and incorporate active remodeling
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R = 0.1L. (b) Size-dependent mechanical behavior captured by SGV model.

evolution laws, utilizing the thermodynamic and numerical foundations
established here.

To differentiate the proposed SGV model from classical size-
independent viscoelasticity, we performed a numerical parametric
study using the calibrated material parameters. Fig. 11 illustrates the
predicted relaxation responses for a rectangular plate with a circular
hole, whose geometrical features are: b/L = 0.8, the radius of the hole
R = 0.1L. The discretization for finite element is shown in Fig. 11a, the
element size around the hole is R/15. The material parameters are the
same as previous, i.e., the moduli E,, = 60 Pa, E; = 70 Pa, the viscous
parameter 7, = le3 Pa-s, the initial gradient parameter cg 10 pm?,
and the microstructural viscous parameter {; = 10725, . The pressure is
applied around the perimeter boundary of hole at t = 0", with p =
Po[1.0 + 0.8 cos(20)] and pressure magnitude py = E/10. This pres-
sure is removed at t = 500s. The classical viscoelastic model would
predict identical curves regardless of size, as shown by the black curve in
Fig. 11b. However, the SGV model predicts a distinct 'stiffer-is-smaller’
effect. This demonstrates that the proposed framework captures size-
dependent mechanical behavior that classical theories cannot,
providing a theoretical basis for future experimental investigations into
the micromechanics of tissues.

6. Conclusion

In this study, we presented a comprehensive theoretical and
computational study of strain gradient viscoelasticity as a spatiotem-
poral continuum framework. We have underscored that the power of
SGV lies in its intrinsic coupling of a spatial dimension, governed by an
internal length scale that models microstructural effects, and a temporal
dimension, which captures the hereditary, dissipative evolution of the
material response. The primary contributions of this study are threefold.
First, we developed two numerical frameworks capable of solving the
high-order, integral-differential governing equations of SGV. The
mixed-field finite element method provides a rigorous and mature
pathway, successfully overcoming the C1 continuity challenge, while
the novel variational physics-informed neural network offers a flexible,
mesh-free alternative that adeptly handles complex boundary conditions
and high-order derivatives. Second, through the benchmark problem of
beam bending, we thoroughly validated both numerical methods against
the analytical solutions, demonstrating their accuracy and reliability.
Our parametric analyses systematically confirmed the ability to predict
key physical phenomena: size-dependent stiffening and time-dependent
viscoelastic creep. We also introduced the concept of a spatiotemporal
phase portrait, providing a clear visualization of how spatial gradient
effects and temporal relaxation are fundamentally intertwined. Finally,
we demonstrated the physical significance of the SGV model in
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capturing the complex, multi-scale behavior of soft materials, such as
biological tissues. The results highlight the potential of the proposed
method to characterize multiscale viscoelastic mechanisms.

The mixed-field formulation increases the computational burden by
introducing auxiliary degrees of freedom compared to classical
displacement-based elements. However, this is a necessary trade-off to
circumvent the stringent C1-continuity requirements of strain gradient
theories while using standard mesh generators. In terms of stability, our
analyses confirm that the formulation remains well-conditioned for the
2D beam problems considered, allowing for efficient solution via direct
sparse solvers without singular behavior. Our comparative analysis in-
dicates that the PINN framework shows promise for problems with
higher-order differential and release the mixed-type requirements. The
main challenge for the incremental PINN approach remains the man-
agement of error propagation, an area ripe for future research. This
research opens several avenues for future work. The computational
frameworks established here can be extended to three dimensions and to
more complex constitutive models incorporating plasticity (strain
gradient viscoplasticity) or damage. Furthermore, the demonstrated
ability of SGV to model coupled spatiotemporal phenomena makes it a
promising tool for application in diverse fields, from predicting the long-
term performance of thermal barrier coatings under thermal gradients to
modeling the morphogenesis and mechanobiology of living tissues.
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Appendix 1
Appendix A. . Solution of the cantilever beam

Considering a rectangular cantilever Bernoulli-Euler beam, and the size relations are L = 10h, h = b. The fixed end is x = 0, and the beam is
subjected to a static uniformly distributed lateral load q(t). The deflection w(x,t) of the beam in bending satisfies Eq. (57). The classical boundary
conditions are

w(0,t) =0, w(0,t)=0, (A1)

M(L,t) = 0,Q(L,t) = 0. (A2)

Using Eq. (56) and Q = dM/dx, Eq. (A2) also means
(IE + aE * dc) + dw’ (L, t) — IE  dc * dw" (L, t) = 0,

(IE + aE + dc)  dw’ (L. t) — IE + d + dw" (L, ) — 0. (A3)
And the non-classical boundary conditions are taken as
My (L, t) = 0, that is w”(L,t) =0, (A9

w'(0,t) = 0.

To obtain viscoelastic gradient solutions, the Laplace transform is applied. In the Laplace phase space, the governing equation (the Laplace
transformation of Eq. (57)) can be obtained

(SEI + asEsc)w" — IsEscw"" = q. (A5)

The Laplace transformed classical boundary conditions, Egs. (A1)-(A3), are

E(O S) =0,
-~ _ _”W (O:S) :70~,7 (A6)
S(IE + aEsc)w’(L,s) — IsEscw' (L,s) =0,
S(IE + aEsc)w" (L,s) — IsEscw” (L,s) = O.
And the non-classical boundary conditions
w_EL,s) =0, (A7)
w'(0,s) = 0.

The general solution of differential equations is the sum of the solution of its homogeneous part, i.e., the one with g(t) = 0, and a particular
solution. Setting the former part of the solution of Eq. (A5) as

Wh(X) = @1 + X + 332 + Aux +asexp<\/(1+ asE)/IsEx) +ﬁsexp< — I+ asE)/IsEx). (A8)

where @;, i=1, ...,6 are parameters to be determined, and they are the function of time. And a particular solution is taken as
W) = —=J . (A9)
24(sEI + asEsc)
Thus, solutions of parameters a; can be obtained by applying the boundary conditions Egs. (A6) and (A7).
h(2h + gL? + mL?)_
2(g+m)* '
(e — 1) (2h + gL% + mL?)_
2k(g 4+ m) (el 4 1)
(2h + gL? + mL?) _

4(g+ m)2
L (A10).

a =

)

a4 = *w%
2¢ 4416 (6/k? + 312) -

as = q,
—ekLkS (12L(g T m)ekk3 — 12hk4) - e*kLkS( ~12L(g + m)ekkd — 12hk4)

e*Lh(2h + gL? + mL?)_
2(1 +e)(g + m)?

aeg =

15
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where g = sEI, h =sAl =s?CEI,m =sAa = s*cEa, and k = /(g + m)/h. Then, using the standard three-parameter viscoelastic models as shown in
Fig. 1, and the relations Hy, = c.Es, H; = c.E1, E and ¢ are written as
E =L 1 Bt (A1)

T+1gs
_ E E
T =c <%~ + ﬁ) /s (ETm + 1;;;) ,(A12).
where 7, is the classical relaxation time, « is the relaxation time of higher-order viscoelastic models, c. is an elastic gradient parameter which links

the classical moduli and higher-order moduli. The gradient parameter c can be obtained.
t

— —Eqt
c(t) = ce{l e GEr=an }‘(Als).
In view of Egs. (A8)-(A12), the general solution W = Wy, +W), of deflection in the Laplace phase space can be obtained. Then, applying the inverse
Laplace transformation, the general solution of beam bending deformation can be obtained. It should be mentioned that the deflection is obtained
using a numerical inverse Laplace transformation method in a MATLAB program.

Appendix B. . Solution of the simply-supported beam

This section deals with a simply-supported beam of length L subjected to a uniformly distributed lateral load q(t). The classical boundary conditions
are

w(0,t) =0, w(L,t)=0, (B1)

M(0,t) = 0,M(L,t) = 0. (B2)

Eq. (56), Eq. (B2) also means

(IE + aE * dc) * dw'(0,t) — IE  dc + dw"(0,t) = 0, ®3)
(IE + aE * dc) * dw' (L, t) — IE * dc + dw" (L, t) = 0,

The non-classical boundary conditions are considered as
w'(0,t) =0,
W (L,t) = 0. (B4)
Thus, the Laplace transformed classical boundary conditions, Egs. (B1)-(B3), are
w(0,s) =0,
w(L,s) =0,
T T\ FmdV (B5)
S(IE + aEsc)w'(0,s) — IsEscw' (0,5) = 0,
S(IE + aEsc)w’ (L,s) — IsEscw'’ (L,s) = 0.

The Laplace transformed non-classical boundary conditions

W_’(HO, s) =0, B6)

w'(L,s) =0.

The general solution of the homogeneous part and a particular solution of differential equations are still taken as Eq. (A8) and Eq. (A9), respectively.
Hence, the solutions of @;,i = 1, ...,6 can be obtained using the boundary conditions Egs. (B5)-(B6)

R _
grm?"
L(—12h+gl? + mL?)_

24(g +m)®

h _
2(g+mp"
L _
12 md
hZ
“T e grmT
ek p?

(1 4 e2) (g + m)3(_1’

a; =

as =

)

as =
(B7)

ag =

ag = —

where g = sEI, h = sAl = s*CEI, m = sAa = s%cEa, and k = /(g +m)/h. E and € are written as Egs. (A11) and (A12), respectively.
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Then, the general solution of beam bending deformation can be obtained by using the numerical inverse Laplace transformation with the help of a
MATLAB program. Furthermore, in the previous study (Lin and Wei, 2020), a correspondence principle between the strain gradient viscoelasticity and
the classical strain gradient elasticity is summarized. Therefore, the strain gradient viscoelastic solutions of the cantilever beam bending can also be
obtained directly using the correspondence principle. That is, the strain gradient viscoelastic solution in Laplace phase space can be obtained by

replacing E, ¢ in classical strain gradient elastic solution Eq.(61) with sc(s) and sE(s) , respectively.

Data availability
No data was used for the research described in the article.
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