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In this paper, a strain gradient viscoelastic theory is proposed strictly, which can be used to describe the
cross-scale mechanical behavior of the quasi-brittle advanced materials. We also expect the theory to be
applied to the description for the cross-scale mechanical behavior of advanced alloy metals in linear elas-
tic deformation cases. In the micro-/nano-scale, the mechanical properties of advanced materials often
show the competitive characteristics of strengthening and softening, such as: the strength and hardness
of the thermal barrier coatings with nanoparticles and the nanostructured biological materials (shells), as
well as the strength of nanocrystalline alloy metals which show the characteristics of positive-inverse
Hall-Petch relationship, etc. In order to characterize these properties, a strain gradient viscoelastic theory
is established by strictly deriving the correspondence principle. Through theoretical derivation, the equi-
librium equations and complete boundary conditions based on stress and displacement are determined,
and the correspondence principle of strain gradient viscoelasticity theory in Laplace phase space is
obtained. With the help of the high-order viscoelastic model, the specific form of viscoelastic parameters
is presented, and the time curve of material characteristic scale parameters in viscoelastic deformation is
obtained. When viscoelasticity is neglected, the strain gradient viscoelasticity theory can be simplified to
the classical strain gradient elasticity theory. When the strain gradient effect is neglected, it can be sim-
plified to the classical viscoelastic theory. As an application example of strain gradient viscoelastic theory,
the solution to the problem of cross-scale viscoelastic bending of the Bernoulli-Euler beam, is analyzed
and presented.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Generally speaking, considering the viscous effect of material
and strictly solving its mechanics response, it will be faced with
solving the solution of an initial boundary value for a three-
dimensional dynamic problem, which usually requires the Laplace
transform and inverse Laplace transformation, which is an extre-
mely difficult mechanics solution process. Although many research
works have been carried out in this area in the last several decades,
the substantial research progress is only limited to the characteri-
zation of linear viscoelasticity of materials. In this respect, the cor-
responding principle for solving the linear viscoelastic effect is
strictly established. As long as the solution of the linear elastic
problem is obtained, the corresponding solution of the linear vis-
coelastic problem can be obtained strictly through using the
inverse Laplace transformation based on the correspondence prin-
ciple. According to the authors’ understanding, up to now, except
for the linear viscoelastic case, there has not existed the
correspondence principle for any other viscous cases, although
some approximate models and the approximate analysis methods
are developed for other viscoelastic and viscoplastic cases in last
several decades.

In the present research, considering that it is essential to
describe the cross-scale mechanical behavior for a wide class of
advanced elastic-brittle materials, such as, the advanced thermal
barrier coatings with nanoparticles (Liu et al., 2018), nanostruc-
tured biological materials (such as shells) (Song et al., 2016), amor-
phous glass (Cui et al., 2017), etc., we intend to present a strain
gradient linear viscoelastic theory through developing the corre-
spondence principle. We expect that the strain gradient linear vis-
coelastic theory can describe not only the cross-scale mechanical
behavior of the advanced elastic-brittle materials, but also some
alloy metals in elastic deformation cases when the applied load
is not large.

At the micro-/nano-scale, the mechanical properties of
advanced materials often show the competitive characteristics of
strengthening and softening. Strengthening corresponds to the
strain gradient effect while softening corresponds to the viscous
effect. In the past decades, a lot of researches has been carried
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out on the strengthening and softening properties of advanced
materials. Micro-/nano-structured materials are widely used in dif-
ferent fields, such as aviation and aerospace, medicine, and engi-
neering (Liu et al., 2018; Cui et al., 2017; Moon et al., 2011;
Koumoulos et al., 2015; Zhong and Yan, 2016; Morales-Rivas
et al., 2015; Lurie et al., 2003). A large number of experimental
observations showed that at the micro-/nano-scale, the mechanical
behavior of materials shows a strong scale dependence (Ma and
Clarke, 1995; Lam et al., 2003; Mcfarland and Colton, 2005; Lei
et al., 2016). Furthermore, the softening effect of viscosity in exper-
iments was also observed. Long et al. (Long et al., 2018) found that
Young’s modulus and hardness are strain rate dependent, and they
discussed the creep behavior during the holding stage. The strain
rate sensitivity of pure aluminum in nanoindentation experiments
were also presented by Yamada et al. (Yamada et al., 2013). Li et al.
(Li et al., 2010) conducted a large-scale molecular dynamics simu-
lation study on nano-twin copper, and the results showed that the
material strength softened below the critical twin thickness, show-
ing the inverse Hall-Petch effect. Jun et al. (Jun et al., 2011) per-
formed the bulge test of graphene monolayers with molecular
dynamics simulations and found the size-dependent nonlinear
elastic softening of graphene. Li et al. (Li et al., 2005) completed
the nanoindentation experiment on ZnS nanobelts at different
temperatures. They discovered that ZnS nanobelts exhibit signifi-
cant creep behavior under constant load not only at high temper-
atures but also at room temperature. Therefore, there is an
urgent need for a new deformation mechanism to consider both
the strain gradient effect and the viscous effect.

In the past few decades, the scale-dependent deformation
behavior of materials has attracted extensive attention. For exam-
ple, the elastic modulus of polymer epoxy a function of beam thick-
ness in the bending and tension experiments (Lam et al., 2003), the
size effect is significant when the beam thickness is comparable to
the material length scale parameter in beam bending tests
(Mcfarland and Colton, 2005), the torsion experiment of the copper
wire with the diameter of micrometer shows that the torsion shear
strength changes dramatically with the diameter of the copper
wire (Fleck et al., 1994), and so on. These mentioned above
cross-scale mechanical behavior can be described by the theory
of higher-order continuum mechanics, i.e., strain gradient theory.
In the past few decades, different versions of strain gradient theory
have been proposed. Mindlin proposed a generalized strain gradi-
ent theory (Mindlin, 1964), in which the classical strain and strain
gradient constitute the measure of total deformation, including 16
additional material parameters in addition to lame constant. Mind-
lin and Eshel reduced the length scale parameters of isotropic
materials from 16 to 5 (Mindlin and Eshel, 1968) in the second-
order strain gradient theory. However, compared with the classical
continuum mechanics theory, five additional material parameters
are still difficult to be determined by experiments. In view of this,
based on the strain gradient theory proposed by Mindlin, Aifantis
et al. put forward a simplified theory (Altan and Aifantis, 1997;
Aifantis, 1992) with only one scale parameter, which can be mea-
sured experimentally. This theoretical model is regarded as a spe-
cial case of Mindlin’s theory (Askes and Aifantis, 2011; Lazar and
Maugin, 2005). Then, by using the principle of minimum potential
energy, a variational formula of the simplified strain gradient elas-
ticity theory is given, and a complete boundary condition is
derived. Because of its simple form, the theoretical model is
applied to analyze different problems, such as bending problems
(Papargyri-Beskou et al., 2003; Lurie and Solyaev, 2018;
Lazopoulos, 2009), torsion problems (Liu, 2013; Lazopoulos and
Lazopoulos, 2012) and other problems (Sidhardh and Ray, 2018;
Mühlich et al., 2012; Gao and Park, 2007). For the theory of strain
gradient plasticity, the scale effect of plastic deformation is mainly
concerned. Fleck and Hutchinson (Fleck and Hutchinson, 1993,
1997) extended Mindlin’s simplified strain gradient elasticity the-
ory to the plastic case and developed the plastic strain gradient
theory. Wei and Hutchinson (Wei and Hutchinson, 1997) further
developed Fleck and Hutchinson’s theories by emphasizing the
compressibility of materials and the contribution of the elastic
strain gradient. Fleck and Hutchinson’s strain gradient theory have
been applied to the characterization of multiple effects (Qu et al.,
2006; Huang et al., 2004; Wei and Hutchinson, 2003; Wei, 2006;
Donà et al., 2014; Wei et al., 2001).

For the micro-/nano-scale mechanical properties experiment of
soft materials, the size effect and viscous effect of mechanical
behavior are also observed, such as polymer (Chong and Lam,
1999; Voyiadjis and Deliktas, 2009; Nikolov et al., 2007), biomate-
rial (Philippart et al., 2015; Honglin, 2017; Oyen, 2013), epoxy
resin (Lam and Chong, 2000; Alisafaei et al., 2014), etc. Obviously,
the viscous effect of soft materials will be more prominent. In this
case, a new high-order measurement method has been developed
to characterize the strain gradient behavior and to explain the size
effect of mechanical behavior of polymer epoxy beams when bend-
ing (Lam et al., 2003). Nikolov et al. (Nikolov et al., 2007) put for-
ward the theory of strain gradient elasticity of solid polymer
based on the concept of Frank’s elasticity, in which the size effect
is only related to the rotational strain gradient. The theoretical cal-
culation shows that the length scale of rubber and liquid crystal
polymer in the case of small strain elasticity is about several
nanometers. Han et al. (Han and Nikolov, 2007) extended Nikolov
et al.’s strain gradient elasticity theory to the elastoplastic case.
Similar to the mechanism-based strain gradient plasticity theory
(Gao et al., 1999), some gradient-dependent plasticity models have
been established to explain the mechanical behavior of polymer
under the size dependence (Chong and Lam, 1999; Voyiadjis and
Deliktas, 2009; Swaddiwudhipong et al., 2005). In these models,
the concept of geometrically necessary buckling (Argon, 1973) is
introduced to explain the scale effect in the plastic deformation
process. Soft materials are widely used in the field of medical engi-
neering, which also show significant viscous effect at the micro-/
nano-scale (Crichton et al., 2013; Chen et al., 2014; Li, 2018;
Tranchida et al., 2009).

The micro-/nano-scale viscous effect and strain gradient effect
are obvious. Thus, some theories have been developed to explain
these phenomena. Valanis (Valanis, 1997) proposed the gradient
theory of viscoelasticity by using the variational principle and
the notion of internal fields under isothermal conditions. Iesan
and Quintanilla (Ies�an and Quintanilla, 2013) developed a gradient
theory of thermoviscoelasticity and presented a thermoviscoelastic
solution that is analogous to the Cauchy–Kowalewski–Somigliana
classical elastic solution in the isothermal theory. Based on the
strain gradient plasticity theory proposed by Fleck and Hutchinson
(Fleck and Hutchinson, 2001) and the finite strain gradient plastic-
ity by Niordson and Redanz (Niordson, 2004), Borg et al. (Borg
et al., 2006) proposed a viscoplastic generalization. Also, a finite
element framework was finished to analyze materials with voids
or inclusions. Lele and Anand (Lele and Anand, 2009) developed
a thermodynamically consistent large-deformation theory of
strain-gradient viscoplasticity and solved some simple mechanical
problems using this theory. However, these studies did not include
the high-order viscosity or derive the formulation of gradient
parameters.

In this study, we propose a strain gradient linear viscoelasticity
theory, which can describe the viscous effect and strain gradient
effect of solid at micro-/nano-scale. At the same time, the expres-
sions of gradient parameters related to the viscous effect and strain
gradient effect are derived in detail by building a high-order vis-
coelastic model. The rest of this paper is arranged as follows. In
the second section, the simplified strain gradient elasticity theory
and the classical viscoelastic theory are briefly introduced. In the
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third section, based on the variational principle, the strain gradient
viscoelastic theory is established, and the equilibrium equation
and boundary conditions are given. Then, a correspondence princi-
ple between the strain gradient viscoelastic theory (in the Laplace
phase space) and the strain gradient elastic theory is proposed. In
the fourth section, the relationship between the gradient parame-
ters and viscoelasticity is obtained by establishing a high-order vis-
coelastic model. The fifth section takes the bending of beam as an
example. The last section 6 is the conclusion.

2. Related theories

In this section, we give a briefly reviewing on the related theo-
ries, the simplified strain gradient elasticity theory developed by
Altan and Aifantis (Altan and Aifantis, 1997)and Gao and Park
(Gao and Park, 2007), and the classical linear viscoelastic theory.

2.1. The simplified strain gradient elasticity theory

Based on Mindlin’s general strain gradient, a simplified strain
gradient elasticity theory was proposed by Altan and Aifantis
(Altan and Aifantis, 1997; Aifantis, 1992). Then, Gao and Park
(Gao and Park, 2007) provided a variational formulation by using
the principle of minimum total potential energy. This simplified
theory only involves an extra gradient parameter besides the Lame
constants.

For isotropic and elastic material, the strain energy density con-
sidering strain gradient effect is written as (Altan and Aifantis,
1997; Gao and Park, 2007)

w ¼ w eij; eijk
� � ¼ 1

2
keiiejj þ Geijeij þ 1

2
A1eiikejjk þ A2eijkeijk ð1Þ

where k and G are Lame Constants, A1 and A2 denote the high order
moduli, the strain eij, and strain gradient eijk are related to displace-
ment, given as

eij ¼ 1
2 ui;j þ uj;i
� � ¼ eji

eijk ¼ eij;k ¼ 1
2 ui;jk þ uj;ik

� � ¼ ejik
ð2Þ

The high-order moduli are represented by using a gradient
parameter ce and Lame constants in the simplified strain gradient
elasticity theory, as

A1 ¼ cek;A2 ¼ ceG ð3Þ
where ce has the dimension of length squared.

Referring to Eq. (3), Eq. (1) is a simplified formulation of the gra-
dient elasticity of Mindlin (Mindlin, 1964), proposed by Altan and
Aifantis (Altan and Aifantis, 1997).

The total strain energy for gradient-based linear elastic material
can be written as

W ¼ 1
2

Z
V
rijeij þ sijkeijk
� �

dV ð4Þ

where the components of the Cauchy stress rij, the double stress sijk
are given as follows

rij ¼ @w
@eij

¼ dijkepp þ 2Geij ¼ rjisijk ¼ @w
@eijk

¼ ce dijkeppk þ 2Geijk
� � ¼ sjik ð5Þ

The external force potential energy is

P ¼
Z
V
f iuidV þ

Z
S

piui þ qiDuið ÞdS ð6Þ

where f i, pi and qi are body forces, surface tractions, and double
tractions, respectively. D is the normal derivative operator
D � ni
@

@xi
ð7Þ

with the outward unit normal vector n ¼ niei. Using the principle of
minimum total potential energy, the variation of total potential
energy equals to zero:

dP ¼ dW � dP

¼
Z
V
rijdeij þ sijkdeijk � f idui
� �

dV �
Z
S

pidui þ qiD duið Þð ÞdS ð8Þ

After some calculations, one can obtain the following governing
equilibrium equations and boundary conditions as,

rij � sijk;k
� �

;j þ f i ¼ 0 ð9Þ

rij � sijk;k
� �

nj � Dj nksijk
� �þ Dlnlð Þnknjsijk ¼ �pi or ui

¼ u
�
isijknjnk ¼ q

�
i or ui;lnl ¼ @u

�
i

@n
ð10Þ

whereDj is the surface gradient operator

Dj ¼ @

@xj
� njD ð11Þ

Eqs. (2), (5), (9) and (10) compose the simplified strain gradient
elasticity theory, and only one material parameter is involved in
this theory.

2.2. Viscoelastic theory

Viscoelastic theories have been developed in the past hundred
years. Viscoelastic constitutive models are useful to model phe-
nomena such as creep, relaxation, damping etc. In this section,
we give briefly reviewing on the viscoelastic theory, mainly refer
to Christensen (Christensen, 1982).

In viscoelastic models, the current stress depends on the strain
history. If the strain history eij ¼ eij tð Þ are assumed to be continu-
ous, and eij tð Þ ¼ 0 for t < 0, the stress–strain relation can be
expressed using a Stieltjes integral

rij tð Þ ¼
Z t

�1
Cijkl t � fð Þ _ekl fð Þdf ¼

Z t

�1
Cijkl t � fð Þdekl fð Þ ð12Þ

where dot above the variable denotes derivatives, the integrating
stiffness function Cijkl tð Þ is a fourth-order tensor.

For concisely, the stress-strain relation of Eq. (12) is used to be
written as the Stieltjes convolution form

rij tð Þ ¼ Cijkl tð Þ � dekl tð Þ ¼ ekl tð Þ � dCijkl tð Þ ð13Þ
where � is the Stieltjes convolution symbol. The Stieltjes convolu-
tion is defined as

/ � du ¼
Z t

�1
/ t � fð Þ _u tð Þdt ð14Þ

Similarly, the isotropic form of the viscoelastic stress-strain
relations can be expressed by the spherical tensor and deviatoric
tensor of stress and strain

sij tð Þ ¼ 2G tð Þ � deij tð Þrpp tð Þ ¼ 3K tð Þ � depp tð Þ ð15Þ
where G tð Þ is the shear relaxation function and K tð Þ is the bulk
relaxation function. Total stress tensor is given as

rij ¼ sij þ 1
3
dijrpp ¼ 2G � deij þ dijk � depp ð16Þ

where G tð Þ and k tð Þ, similar to the Lame constants in elasticity, are
the relaxation functions in viscoelasticity. The strain at each
moment is related to the displacement at that moment, given by
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eij ¼ eij tð Þ ¼ 1
2

ui;j tð Þ þ uj;i tð Þ� � ð17Þ

In order to solve viscoelastic problems, Laplace transformation
is often used. the Laplace transformation of Eqs. and are given as
follows, noting the condition eij ¼ 0 for t < 0,

s
�
ij ¼ 2s G

�
e
�
ijr
�
pp ¼ 3s K

�
e
�
ppr

�
ij ¼ 2s G

�
e
�
ij þ dijs k

�
e
�
pp ð18Þ

where s is the Laplace transformation variable, symbols with a bar
above denote variables undergone the Laplace transformation. It
can be found that the elasticity relationship is reinterpreted as
the Laplace transform of the corresponding viscoelastic relationship

by replacing G by s G
�

sð Þ, k by s k
�

sð Þ, and K bys K
�

sð Þ. This is the cor-
respondence principle between elasticity and viscoelasticity. The
viscoelastic problems can be solved directly based on the elastic
solutions by using the correspondence principle.

However, the form of relaxation functions should be specific to
obtain the solutions of viscoelastic problems. There are several dif-
ferent models to explain the viscoelastic property of materials.
Here, the most commonly used standard three-parameter model
is presented as an example, as shown in Fig. 1. The classical stan-
dard three-parameter model is always referred to as the model
of linear solid materials. The series combination of a spring and a
dashpot is an important building block, which called Maxwell unit.
This three-parameter model is obtained by adding a spring in par-
allel to a Maxwell unit. For isotropic materials, the stress–strain
relation can be written as

re ¼ r0 þ r1 _ee ¼
_r1

E1
þ r1

g1
ee ¼ r0

E0
ð19Þ

where re and ee are equivalent stress and strain of the model,
respectively. r0 and r1 are the stress acting on the spring and the
Maxwell unit, respectively.

Applying the Laplace transformation to Eq. (19)

r
� ¼ E0 þ E1sgs

1þ sgs

� �
e
� ¼ Q sð Þ e� ð20Þ

where sg ¼ g1=E1 is the relaxation time of the Maxwell unit in
macroscopic scale. The relaxant Q sð Þ is defined as

Q sð Þ ¼ E0 þ E1sgs
1þ sgs

ð21Þ

The relaxation function in the Laplace space is defined as

E
�
sð Þ ¼ Q sð Þ

s
¼ E0

s
þ E1sg
1þ sgs

ð22Þ

Applying the inverse Laplace transformation, the relaxation
modulus in Euler space can be obtained

E tð Þ ¼ L�1E sð Þ ¼ E0 þ E1e�t=sg ð23Þ
Fig. 1. The classical three-parameter viscoelastic model.
There are many different viscoelastic mechanical models, such
as standard series–parallel models (a spring in series with a Voigt
unit or parallel with a Maxwell unit), and other different combina-
tions between springs and dashpots. They are applied in different
problems to explain different viscous behaviors.

The simplified function of the first viscoelastic variational prin-
ciple,

Q
, is given as (Christensen, 1982), provided that the accumu-

lation strain is taken as the independent variables of the strain
energy density function,

P ¼
Z
V

1
2
Cijkl � deij � dekl � f i � dui

� 	
dV �

Z
S

pi � duið ÞdS ð24Þ

where Cijkl tð Þ is the stiffness function, f i are body forces, pi are the
prescribed stresses on the boundary. The first variation of Eq. (25)
is given by

dP ¼
Z
V

Cijkl � deij � d deklð Þ � f i � d duið Þ� �
dV

�
Z
S

pi � d duið Þð ÞdS ð25Þ

The variational equation d
Q ¼ 0 leads to the equilibrium equa-

tions and the stress boundary condition (Christensen, 1982)

rij;j þ f i ¼ 0 ð26Þ

rijnj ¼ pi ð27Þ
This simplified viscoelastic variational principle is an extension

of the principle of potential energy in elasticity, and it is a simpli-
fied form of Gurtin’s (Gurtin, 1963) linear viscoelastic variational
theorems.
3. Strain gradient viscoelasticity theory

In this section, a strain gradient viscoelasticity theory is gener-
ated by extending and combining the strain gradient elasticity and
conventional viscoelasticity. In the strain gradient viscoelasticity,
components of stress, double stress, strain, strain gradient are
functions of time, besides of the coordinates, and equations are
described by the Stieltjes convolution.

3.1. Variational formulation for strain gradient linear viscoelastic

In conventional viscoelasticity, the double stress and strain gra-
dient are neglected. The stress–strain relation is given as Eq. (13),
and the strain is related to displacement at the current moment,
as Eq. (17). However, the size effect should also be significant at
the micro-/nano-scale. Thus, in our gradient viscoelasticity, size
effect should be considered. The strain gradient is defined as

eijk tð Þ ¼ eij;k tð Þ ¼ 1
2

ui;jk tð Þ þ uj;ik tð Þ� � ¼ ejik tð Þ ð28Þ

And eijk tð Þ ¼ 0 for t < 0. The work-conjugate double stress sijk is
related to the strain gradient rate and deformation history. Thus,
the relation between double stress and strain gradient can be writ-
ten as the Stieltjes convolution

sijk tð Þ ¼ Aijklnm tð Þ � delmn tð Þ ð29Þ
In Eq. (29), we introduce a new material parameter Aijklmn tð Þ,

which is called high-order relaxation function. It is a sixth-order
tensor.

Considering an assumption of point symmetry in the symmetry
group of the material, and by analogy with Eq. (8), provided that
the accumulation strain and accumulation strain gradient are
taken as independent variables of the total strain energy density
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function, the variational function
Q

for the strain gradient linear
viscoelastic theory can be derived as follows,

P ¼ 1
2

Z
V

Cijkl � deij � dekl þ Aijklmn � deijk � delmn

� �
dV

�
Z
V

f i � duið ÞdV �
Z
S

pi � dui þ qi � Dduið ÞdS ð30Þ

where f i tð Þ are body forces, pi tð Þ and qi tð Þ denote the stress traction
and double stress traction on the boundary, respectively. The nor-
mal derivative operator D �ð Þ is defined as Eq. (7).

Using Eqs. (13) and (29), the function
Q

can be described by the
stress and double stress

P ¼ 1
2

Z
V
rij � deij þ sijk � deijk
� �

dV �
Z
V

f i � duið ÞdV

�
Z
S

pi � dui þ qi � Dduið ÞdS ð31Þ

The resulting first variation of Eq. (31) is given by

dP ¼
Z
V
rij � d deij

� �þ sijk � d deijk
� �� �

dV �
Z
V
f i � d duið ÞdV

�
Z
S

pi � d duið Þ � qi � d D duið Þ½ �f gdS ð32Þ

Using Eqs. (17) and (28), and applying the chain rule, the first
term on the right-hand side of Eq. (32) can be written as

Z
V
rij � d deij

� �þ sijk � d deijk
� �� �

dV

¼
Z
V
rij � d dui;j

� �þ sijk � d dui;jk

� �� �
dV

¼
Z
V

rij � sijk;k
� � � d duið Þ� �

;j � rij � sijk;k
� �� �

;j � d duið Þ
n

þ sijk � d dui;j
� �� �

;kgdV ð33Þ
Further, applying divergence theorem to Eq. (33) results in

Z
V
rij � d deij

� �þ sijk � d deijk
� �� �

dV

¼ �
Z
V
rij � sijk;k
� �

;j � d duið ÞdV þ
Z
S
nj rij � sijk;k
� �

� d duið ÞdSþ
Z
S
nksijk � d dui;j

� �
dS ð34Þ

The integrand of the last integral of Eq. (34) can be written as

nksijk � d dui;j
� � ¼ nksijk � dDj duið Þ þ nknjsijk � dD duið Þ ð35Þ

where Dj has been defined in Eq. (11). Using the variational chain
rule, the first term on the right-hand side of Eq. (35) can be written
as

nksijk � dDj duið Þ ¼ Dj nksijk � d duið Þ� �� Dj nksijk
� � � d duið Þ ð36Þ

And

Dj nksijk � d duið Þ� � ¼ Dlnlð Þnknjsijk � d duið Þ
þ nqeqpm emljnlnksijk � d duið Þ� �

p ð37Þ
where eijk is the permutation symbol. Similar results have been
given by Mindlin (Mindlin, 1964) and proved by Gao and Park
(Gao and Park, 2007) in the derivation of strain gradient elasticity
theory. However, the integral of time replaces the matrix multipli-
cation in our strain gradient viscoelasticity theory.

Combining Eqs. (34)–(37) then gives
Z
V
rij � ddeij þ sijk � d deijk

� �� �
dV

¼ �
Z
V
rij � sijk;k
� �

;j � d duið ÞdV þ
Z
S
nknjsijk � d Dduið ÞdS

þ
Z
S

nj rij � sijk;k
� �� Dj njsijk

� �� Dlnlð Þnknjsijk
� �

� d duið ÞdSþ
Z
S
nqepqm emljnlnksijk � d duið Þ� �

;pdS ð38Þ

Assuming the boundary S is smooth, the last integral term of Eq.
(38) is zero according to Stokes’ theorem. Hence, the first variation
of Eq. (31) can be written as

dP ¼ �
Z
V

rij � sijk;k
� �

;j þ f i
h i

� d duið ÞdV

þ
Z
S

rij � sijk;k
� �

nj � Dj nksijk
� �þ Dlnlð Þnknjsijk � pi

� �
� d dukð ÞdSþ

Z
s
sijknjnk � qi

� � � dD duið ÞdS ð39Þ

Let dP ¼ 0, the differential equilibrium equation can be
obtained

rij � sijk;k
� �

;j þ f i ¼ 0 ð40Þ
together with the boundary conditions

rij � sijk;k
� �

nj � Dj nksijk
� �þ Dlnlð Þnknjsijk ¼ pi or ui ¼ ûi ð41Þ

sijknjnk ¼ qi or ui;lnl ¼ @ûi

@n
ð42Þ

The format of the governing equilibrium equation and the
boundary conditions derived here are similar to those given by
Altan and Aifantis (Altan and Aifantis, 1997) and Gao and Park
(Gao and Park, 2007). However, all variables in Eqs. (40)-(42) are
the function of time. Namely, they are related to the history of
deformation. That is why our strain gradient viscoelasticity theory
can explain the time-dependent property of materials. In addition,
the high-order boundary condition of displacement occurs due to
the introduction of high-order deformations.

If the viscosity is not considered, variables will be time-
independent, and there is no need to describe equations in the
Stieltjes convolution. Hence, the equilibrium equation and bound-
ary conditions reduce to the simplified strain gradient elasticity
theory given by Gao and Park, as Eqs. (9) and (10). Furthermore,
in the absence of the size effect, the equations - reduce to,

rij;j þ f i ¼ 0rijnj ¼ pi or ui ¼ ûi ð43Þ
where rij becomes the components of Cauchy stress in classical
elasticity. Eq. (43) explains the governing equation and boundary
conditions in the classical elastic theory.

3.2. Gradient viscoelasticity for linear isotropic solids

For gradient-dependent, isotropic, elastic materials, stress is
written as Eq. (16). Similarly, the double stress can be expressed
in the spherical and deviatoric of the strain gradient

sijk ¼ @w
@eijk

¼ dijA1 � deppk þ 2A2 � deijk ð44Þ

where A1 tð Þ and A2 tð Þ are higher-order relaxation functions for iso-
tropic solids, which are similar to the definition of Lame constants
in classical elasticity.

Combining Eqs. (16), (40), and (44), the equilibrium equation
leads to
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dijk � depp þ 2G � deij
� �� dijA1 � deppk þ 2A2 � deijk

� �
;k

h i
;j
þ f i ¼ 0

ð45Þ
Further, to apply this simplified strain gradient theory to prob-

lems that favor a displacement formulation, the displacement form
of the theory is derived. Combining Eqs. (17), (29) and (45) results
in displacement form of the equilibrium equation

k � dup;pk þ G � d up;pk þ uk;pp

� �
�r2 A1 � dup;pk þ A2 � d up;pk þ duk;pp

� �� �þ f k ¼ 0 ð46Þ

where r2 is the Laplacian operator.
There are still two extra parameters A1; A2 that are independent

of traditional materials parameters. However, in classical strain
gradient theories high-order material parameters and classical
material parameters are always related. Thus, we introduced a vis-
coelastic gradient parameter to link these two higher-order mate-
rial parameters with the classical material parameters, which is
inspired by the relations between Lame constants and the gradient
parameter in the simplified strain gradient elasticity theory, Eq.
(3). The relations are written as

A1 tð Þ ¼ k tð Þ � dc tð Þ; A2 tð Þ ¼ G tð Þ � dc tð Þ ð47Þ
where c tð Þ is the viscoelastic gradient parameter, which can also be
called the material characteristic scale parameter. This gradient
parameter is related to both strain gradient effect and viscous effect
of a solid. Therefore, after substituting Eq. (47) into Eq. (45) or (46),
only one extra material parameter c tð Þ is left in our gradient vis-
coelasticity theory. In the next section, we will present the concrete
form of c tð Þ by building higher-order viscoelastic models.

Inserting Eq. (47) into Eq. (46) then gives

k � dup;pk þ G � d up;pk þ uk;pp

� �
�r2 k � dc � dup;pk þ G � dc � d up;pk þ duk;pp

� �� �þ f k ¼ 0 ð48Þ
Heretofore, all equations in our strain gradient viscoelasticity

theory are represented with Stieltjes’ convolution, and it is a little
complex in form. Moreover, a correspondence principle between
gradient viscoelasticity in Laplace phase space and gradient elastic-
ity can be given using the equations after Laplace transformation.
Hence, the Laplace transform is used in our strain gradient vis-
coelastic equations.

Firstly, Eqs. (16) and (44) can be converted to the Laplace trans-
form of the Cauchy stress and viscoelastic double stress, respec-
tively giving

r
�
ij ¼ dijs k

�
e
�
pp þ 2s G

�
e
�
ij ð49Þ

s
�
ijk ¼ dijsA

�
1e
�
ppk þ 2sA

�
2e
�
ijk ð50Þ

The Laplace transformed parameters, A
�
1 and A

�
2, can also be

given

A
�
1 ¼ s c

�
k
�
; A

�
2 ¼ s c

�
G
�

ð51Þ
Therefore, the Laplace transform of the differential equilibrium

Eq. (40) yields, together with Eqs. (49), (50) and,

dijs k
�
e
�
pp þ 2s G

�
e
�
ij


 �
� s c

�
dijs k

�
e
�
ppk þ 2s G

�
e
�
ijk


 �
;k

� 	
;j

þ f
�
i ¼ 0 ð52Þ

Also, Eq. (52) can be obtained directly by applying the Laplace
transform to Eq. (45). Applying the Laplace transform to Eq. (48),
the displacement form of the equilibrium equation is

1� s c
�r2


 �
s k
�
u
�
p;pk þ 2s G

�
u
�
p;pk þ u

�
k;pp


 �h i
þ f

�
k ¼ 0 ð53Þ
In conclusion, equations in our strain gradient viscoelasticity
theory and the classical simplified strain gradient elasticity theory
can be given in a corresponding form, as shown in Table 1. There-
fore, gradient-dependent viscosity problems can be solved based
on solutions of the strain gradient elastic ones. Solving problems
will be much easier using this correspondence principle.

4. High-Order viscoelastic model

In order to solve the governing equilibrium equation in the
strain gradient viscoelasticity theory and obtain the concrete for-
mulation of the viscoelastic gradient parameter, the relation
between double stress and strain gradient must be presented. By
analogy with the classical viscoelastic model, a high-order three-
parameter viscoelastic model is introduced, as shown in Fig. 2.
The circle with an arrow means that the element bears moment.

In Fig. 2, f1 is the higher-order dashpot. H0 and H1 are higher-
order elastic components, which represent the higher-order mod-
ulus. The relations between higher-order modulus and traditional
modulus are the same as the ones in the strain gradient elasticity
theory (Eq. (3))

H0 ¼ ceE0

H1 ¼ ceE1
ð54Þ

where ce is the gradient parameter in strain gradient elasticity the-
ories without considering viscous effect, E0 and E1 denote the tradi-
tional modulus.

Thus, relations between the double stress and strain gradient of
the higher-order viscoelastic model can be given as

s ¼ s0 þ s1
_e;k ¼ _s1

H1
þ s1

f1
¼ _s1

ceE1
þ s1

f1

e;k ¼ s0
H0

¼ s0
ceE0

8><
>: ð55Þ

Applying the Laplace transform, the higher-order stress–strain
relation can be obtained

s
� ¼ ceE0 þ ceE1f1s

f1sþ ceE1

� �
e
�
;k ¼ s A

�
sð Þe�;k ð56Þ

where A tð Þ is defined as the high order relaxation modulus of isotro-

pic solids, A
�

sð Þ is in Laplace space, and the definition is similar to Eq.
(22)

A
�

sð Þ ¼ ce
E0

s
þ E1jg

1þ jgs

� �
ð57Þ

Applying the inverse Laplace transform, the higher-order relax-
ation modulus is given

A tð Þ ¼ ce E0 þ E1e�t=jg
� � ð58Þ

where

jg ¼ f1
H1

¼ f1
ceE1

ð59Þ

where jg is defined as the relaxation time of higher-order viscoelas-
tic models, corresponding to a specific relaxation time of the Max-
well unit at the nano-scale. The value of jgshould be much smaller
than sg of the Maxwell unit at macroscopic scale.

Using the correspondence principle, similar to Eq. (3) or (54),
the relation between relaxation function and higher-order relax-
ation function can be obtained

A tð Þ ¼ E tð Þ � dc tð Þ ð60Þ
where E tð Þ is the relaxation function, as given by Eq. (23). The
Laplace transform of Eq. (60) is



Table 1
Gradient-dependent elastic quantities and their viscoelastic analogs.

Strain gradient elasticity Strain gradient Viscoelasticity

rij ¼ Cijklekl r
�
ij ¼ sC

�
ijkle

�
kl

rij ¼ dijkepp þ 2Geij r
�
ij ¼ dijs k

�
e
�
pp þ 2s G

�
e
�
ij

eij ¼ 1
2 ui;j þ uj;i
� �

e
�
ij ¼ 1

2 u
�
i;j þ u

�
j;i


 �
sijk ¼ Aijklmnelmn s

�
ijk ¼ sA

�
ijklmne

�
lmn

sijk ¼ dijA1eppk þ 2A2eijk s
�
ijk ¼ dijsA

�
1e
�
ppk þ 2sA

�
2e
�
ijk

eijk ¼ eij;k ¼ 1
2 ui;jk þ uj;ik
� �

e
�
ijk ¼ e

�
ij;k ¼ 1

2 u
�
i;jk þ u

�
j;ik


 �
A1 ¼ ck; A2 ¼ cG A

�
1 ¼ s c

�
k
�
; A

�
2 ¼ s c

�
G
�

rij � sijk;k
� �

;j þ f i ¼ 0 r
�
ij � s

�
ijk;k


 �
;j
þ f

�
i ¼ 0

1� cr2

 �

kup;pk þ 2G up;pk þ uk;pp
� �� �þ f k ¼ 0 1� s c

�r2

 �

s k
�
u
�
p;pk þ 2s G

�
u
�
p;pk þ u

�
k;pp


 �h i
þ f

�
k ¼ 0

Fig. 2. The higher-order three-parameter viscoelastic model.

Fig. 3. Variation of the normalized gradient parameter with normalized time. The
moduli E0 and E1 have the same value when plotting.
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A
�
¼ s c

�
E
�

ð61Þ
Hence, the viscoelastic gradient parameter in Laplace space c

�
sð Þ

is

c
� ¼ A

�

s E
� ð62Þ

For the three-parameter viscoelastic models, substituting Eqs.
(22) and into Eq. (57), the viscoelastic gradient parameter can be
obtained

c
� ¼ ce

E0

s
þ E1jg

1þ jgs

� �
=s

E0

s
þ E1sg
1þ sgs

� �
ð63Þ

Applying the inverse Laplace transform, the viscoelastic gradi-
ent parameter can be obtained.

c tð Þ ¼ ce 1þ E1 jg � sg
� �

E0jg � E0 þ E1ð Þsg e
�t
jg � e

�E0 t
E0þE1ð Þsg

� 	� 

ð64Þ

This viscoelastic gradient parameter changes over time, but it
has a limit value. For t ¼ 0, the viscoelastic gradient parameter is

c0 ¼ ce ð65Þ
For t ! 1, the viscoelastic gradient parameter is

c1 ’ ce ð66Þ
c0 and c1 can be called as the transient and steady-state gradi-

ent parameter, respectively.
If the classical and higher-order viscosity are neglected, which

means there are no dashpot or higher-order dashpot in viscoelastic
models, Eq. (64) can be reduced to

c ¼ ce ð67Þ
This indicates that the strain gradient viscoelasticity can be

reduced to the strain gradient elasticity (Altan and Aifantis,
1997; Aifantis, 1992; Gao and Park, 2007) when the viscous ele-
ments are removed. Furthermore, the relation between c tð Þ and
ce supplies an easier way to use our strain gradient viscoelasticity.
The gradient parameter of a solid is always difficult to be deter-
mined. However, numerous studies have been done around strain
gradient elasticity theories, and gradient parameters of many
materials have been obtained or given the range. Therefore, the
viscoelastic gradient parameter can be determined conveniently
by using Eq. (64), and the more reasonable and accurate results
can be obtained.

From Eq. (64) the constitutive parameter, c tð Þ, is invariant with
respect to change of origin of time, c 0ð Þ � ce. Then the constitutive
parameter varies with time due to gradient viscoelastic effect
depended on the materials parameters ce; E0; E1; sg ; kg

� �
.

To present the relation between c tð Þ and ce, the distribution of
the normalized gradient parameter c=ce along the dimensionless
time t=jg is illustrated, as shown in Fig. 3 for different values of
jg=sg . The time-dependent property of this viscoelastic gradient
parameter c=cein our viscoelasticity theory is checked as follows.
The normalized gradient parameter is higher than one when
jg=sg > 1, and smaller than one when jg=sg < 1. Referring to the
research conclusions for many cross-scale problems based on the
strain gradient theory, higher order effect is often predominated
under the nano-/micron scale, and it is neglectable at macroscopic
scale. Similarily, the high-order viscosity is related to the evolution
in nano-/micro-structure, and should be more rate-sensitive than
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conventional viscosity. Thus, the high-order relaxation time jg

should be much shorter than the classical relaxation time sg . And
the reasonable case corresponds to jg=sg < 1, so that we shall
pay our attention to this case investigation.

For jg=sg < 1, Fig. 3 shows variation of the normalized gradient
parameter with the normalized time, t=jg , for several cases of
jg=sgvalues, 0.001,0.01, 0.1, 0.5, 0.8. From Fig. 3, one can find that
the normalized gradient parameter is always smaller than one for
every case. That is to say, that the gradient parameter in strain gra-
dient viscoelasticity theory is always smaller than that in classical
strain gradient elasticity theory. Therefore, the strain gradient vis-
coelasticity theory can be used to describe the softening phe-
nomenon of advanced materials at micro- or nano-scale. When
the ratio of the specific relaxation times of the Maxwell unit at
the nano-scale and at the macroscopic scale,jg=sg , is much smaller,
as seen 0.001, the softening degree is much higher, and the ratio
c=cetends to its minimum value 0.5 within a time region corre-
sponding to jg=sg ! 0.

When jg=sg ! 1, the normalized gradient parameter stays as
one along time, referring to Eq. (64), and it can also be proved
briefly. Firstly, jg=sg ¼ 1 leads to

A tð Þ ¼ ce E0 þ E1e�t=jg
� � ¼ ce E0 þ E1e�t=sg

� � ð68Þ
Then, Eq. (62) becomes

c
� ¼ A

�

s E
� ¼ ce

s
ð69Þ

Thus, Eq. (69) leads to c ¼ ce. It can be understood that the vis-
coelastic gradient parameter in our definition no longer shows
time-dependent property when jg=sg ¼ 1. However, it does not
mean that our strain gradient viscoelasticity theory no longer exhi-
bits viscosity. The relaxation function and high-order relaxation
function are still time-dependent, as described by Eqs. (23) and
(58). Maybe we can find a better way to define this viscoelastic gra-
dient parameter to remove this singularity in the future.

In the preceding discussion of the viscoelastic gradient param-
eter, both classical and higher-order viscosity are considered. How-
ever, the effect of classical and higher-order viscosity should be
very different. Classical viscosity should be dominant for a longer
time process corresponding to a macroscopic representative cell
of materials, while the higher-order viscosity should be dominant
for a shorter time process corresponding to a nano-scale represen-
tative cell of materials. If the classical viscosity is neglected (set
sg ! 1), the classical relaxation function E tð Þ reduces to

Ejsg!1 ’ E0 þ E1 ð70Þ
Thus, the viscoelastic gradient parameter reduces to

c tð Þ ’ ce
E0 þ E1e�t=jg

E0 þ E1
for sg ! 1 ð71Þ

In this consideration, c tð Þ is a monotonically decreasing func-
tion of time, and the steady-state value is less than the gradient
parameter ce, as

c1 ¼ ce
E0

E0 þ E1
for sg ! 1 ð72Þ

In another case, the higher-order viscosity is neglected (set
jg ! 1), which means only classical viscosity comes in, the
higher-order relaxation function A tð Þ becomes

Ajjg!1 ’ H0 þ H1 ¼ ce E0 þ E1ð Þ ð73Þ
And the viscoelastic parameter reduces to

c tð Þ ’ ce
E0 þ E1

E0
1� e

�E0 t
E0þE1ð Þsg

� �
for jg ! 1 ð74Þ
Now c tð Þ is a monotonically increasing function of time, and the
steady-state value is larger than the gradient parameter ce, as

c1 ¼ ce
E0 þ E1

E0
for jg ! 1 ð75Þ

The characterization of viscosity in different cases can be
archived by adjusting the value of viscous elements. As an exam-
ple, the influence of viscosity for beam bending stiffness will be
discussed in the next section. Besides, the material parameter
c tð Þ is correlative with the viscoelastic and higher-order viscoelas-
tic models. c tð Þ in Eq. (64) is just for the classical and higher-order
three-parameter viscoelastic models. However, the solution corre-
sponding to other viscoelastic models can be obtained through the
same process.
5. An example: bending of beam

The strain gradient viscoelasticity theory derived above offers
an opportunity to describe the contributions of both strain gradi-
ent and viscosity in micro-/nano-scale experiments. Papargyri-
Beskou et al. (Papargyri-Beskou et al., 2003) developed a size-
dependent Bernoulli-Euler beam model with the uniaxial stress
state assumption, which means only axial non-zero strain and
strain gradient are taken into account. The six-order governing
equilibrium equation and boundary conditions are obtained based
on the variational approach, but this model only considers the
strain gradient effect. The development of strain gradient vis-
coelasticity case below is an extension of that given by
Papargyri-Beskou. The gradient-dependent property and viscosity
during the beam bending are discussed using our strain gradient
viscoelasticity theory.
5.1. Gradient viscoelastic beam model

A rectangular Bernoulli-Euler beam of length L, width b, and
height h is considered. The x axis coincides with the centerline of
the beam, and y,zaxes are within the cross-section, as shown by

Fig. 4. Coordinate variables x; y; z are enumerated as 1; 2; 3.
The displacement components are similar to the ones in the classi-
cal elasticity

u1 ¼ �zw x; tð Þ; u2 ¼ 0; u3 ¼ w x; tð Þ ð76Þ
where w � dw=dx ¼ w0 is the rotation angle of the beam cross-
section for small deformation.

From Eqs. (17) and (28), the nonzero strain and strain gradient
are

e11 ¼ �zw00e111 ¼ �zw000; e113 ¼ �w00 ð77Þ

And from Eq. (31), the first term of variational function
Q

isY
1

¼ 1
2

Z
V
r11 � de11 þ s111 � de111 þ s113 � de113½ �dV ð78Þ

where stresses r11, s111 and s113 can be obtained from Eqs. (16) and
(44) , with neglecting the Poisson effect as the classical beam theo-
ries (k tð Þ ¼ 0; 2G tð Þ ¼ E tð Þ and A1 tð Þ ¼ 0; 2A2 tð Þ ¼ A tð Þ)
r11 ¼ E � de11 ¼ �zE � dw00 ð79Þ

s111 ¼ A � de111 ¼ �zA � dw000

s113 ¼ A � de113 ¼ �A � dw00 ð80Þ

Using Eqs. (76)-(79), the first term of variational function can be
found



Fig. 4. Geometry and coordinate system of a beam.
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Y
1

¼1
2

Z
V

z2E � dw00 � dw00 þ z2A � dw000 � dw000 þ A � dw00 � dw00� �
dV

¼ 1
2

Z
L
IE � dw00 � dw00 þ IA � dw000 � dw000 þ aA � dw00 � dw00½ �dx

ð81Þ
where I ¼ Rs z2ds denotes the moment of inertia, a is the area of
cross-section. The resultant moment and high-order moment in
our viscoelasticity may be further defined as

M ¼ M tð Þ ¼ IEþ aAð Þ � dw00 ð82Þ

Mh ¼ Mh tð Þ ¼ IA � dw000 ð83Þ
Using partial integration, the first variation of

Q
1 is

d
Y
1

¼ M � d dw0ð ÞjL0 �M0 � d dwð Þ��L0
þ
Z
L

M00 �M000
h

� � � d dwð Þ� �
dxþMh � d dw00ð ÞjL0

�M0
h � d dw0ð Þ��L0 þM00

h � d dwð Þ��L0 ð84Þ
The rest terms of variational function are written as

Y
2

¼ �
Z
L

q � dwð Þdx� Qs � dwð ÞjL0 þ Ms � dw0ð ÞjL0 þ Mhs � dw00ð ÞjL0

ð85Þ
where q tð Þ is the external distributed force, Qs tð Þ is the boundary
shear force, Ms tð Þ and Mhs tð Þ are the boundary moment and high-
order moment. And the first variation of

Q
2 is

d
Y
2

¼ �
Z
L
q � d dwð Þ½ �dx� Qs � d dwð Þ½ �jL0 þ Ms � d dw0ð Þ½ �jL0

þ Mhs � d dw00ð Þ½ �jL0 ð86Þ
Thus, the first variation of variational function

Q
is

d
Y

¼ d
Y
1

þ
Y
2

 !
ð87Þ

Let d
Q ¼ 0, and after some calculations,

d
Y

¼ � M0 �M00
h þ Qs

� � � d dwð Þ
���L
0

þ M �M0
h þMs

� � � d dw0ð Þ��L0þ Mh þMhsð Þ � d dw00ð ÞjL0

þ
Z L

0
M00 �M000

h � q
� � � d dwð Þ� �

dx ¼ 0 ð88Þ

Thus, the governing equilibrium equation can be obtained
M00 �M000
h ¼ q ð89Þ

together with the boundary conditions at x ¼ 0; L

M00
h �M0 þ Qs ¼ 0 or w ¼ w0

M �M0
h þMs ¼ 0 or w0 ¼ w0

0

Mh þMhs ¼ 0 or w00 ¼ w00
0

ð90Þ

Combining Eqs. (82), (83) and (89), the governing equilibrium
equation can be written in another form

EI þ Aað Þ � dwIV � IA � dwVI ¼ q ð91Þ
This beam bending theory is an extension of classical gradient

elasticity theories. Eq. (91) includes the effect of the deformation
history by using the Stieltjes integral. Hence, the viscosity exhib-
ited during beam bending can be explained.

It should be noted that the governing equilibrium equation can
also be obtained directly using our correspondence principle sum-
marized in Section 3. The equilibrium equation in the classical
strain gradient elasticity theory is (Lurie and Solyaev, 2018)

EI þ Aað ÞdwIV � IAdwVI ¼ q ð92Þ
To obtain the corresponding equation in our strain gradient vis-

coelasticity theory, replace E and A with s E
�
and s A

�
in the Laplace

space, respectively

s E
�
I þ s A

�
a


 �
w
� IV � sI A

�
w
� VI ¼ q

� ð93Þ

The inverse Laplace transform of Eq. (93) is the solution of the
gradient viscoelastic beam, that is, Eq. (91).

5.2. Bending solutions of gradient viscoelastic beam

For beam pure bending, beam size and coordinates are set as in
Section 5.1. The displacement components can be written as

u1 ¼ qxz; u2 ¼ �qvyz; u3 ¼ 1
2
qv y2 � z2
� �� 1

2
qx2 ð94Þ

where v is the Passion ratio, q ¼ q tð Þ is the curvature of the central
axis of the beam after bending in the yz-plane, and it is the function
of time in our strain gradient viscoelasticity theory. The compo-
nents of strain and strain gradient are

e11 ¼ qz; e22 ¼ �vqz; e33 ¼ �vqz
e113 ¼ q; e223 ¼ �vq; e333 ¼ �vq ð95Þ

Setting the bending moment M ¼ M tð Þ, the functional
Q

tð Þ can
be written as

Y
¼
Z
V

1
2
z2E � dq � dqþ 1

2
A � dq � dq

� 	
dV � LM � dq ð96Þ



Fig. 5. Dimensionless bending stiffness as the function of time for different gradient
parameters. Setting jg=sg ¼ 0:01. The assumption E0 ¼ E1 brings the result that the
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where E tð Þ is the stiffness function, and A tð Þ is the high-order stiff-
ness function.

The resulting first variation of Eq. (96) is written as

d
Y

¼
Z
V

z2E � dq � d dqð Þ þ A � dq � d dqð Þ� �
dV � LM

� d dqð Þ ð97Þ
Let d

Q ¼ 0,Z
V

z2E � dqþ A � dq� �
dV � LM ¼ 0 ð98Þ

The Laplace transformation of Eq. (98) is

Z
V
s z2 E

�
q
� þA

�
q
�
 �

dV � LM
�
¼ 0 ð99Þ

The twist angle can be obtained

q
� ¼ M

�

s E
�
I þ s A

�
a

ð100Þ

where a denotes the area of the cross-section, I denotes the moment
of inertia. Thus, the gradient-dependent viscoelastic bending stiff-
ness D tð Þ can be defined, and the stiffness in Laplace space is
expressed as

sD
�
¼ s E

�
I þ s A

�
a ð101Þ

Using the classical and high-order three-parameter viscoelastic
models, the twist angle can be presented as

q
� ¼ M

�

s E
�
I þ s A

�
a
¼ M

�

s E0
s þ E1sg

1þsg s


 �
I þ a ceE0

s þ ceE1jg

1þjg s


 �h i ð102Þ

And the bending stiffness in the Laplace space can be updated
from Eq. (102) as

D
�
¼ E

�
I þ A

�
a ¼ E0

s
þ E1sg
1þ sgs

� �
I þ ace

E0

s
þ E1jg

1þ jgs

� �
ð103Þ

Applying the inverse Laplace transform, the gradient-dependent
viscoelastic bending stiffness is

D tð Þ ¼ E0 I þ aceð Þ þ E1 Ie�t=sg þ acee�t=jg
� � ð104Þ

At the initial point, that is t ¼ 0, the bending stiffness is

D0 ¼ E0 þ E1ð Þ I þ aceð Þ ð105Þ

It is called transient gradient elastic stiffness. When time
approach infinity, that is, viscous effects are all released, the bend-
ing stiffness becomes

D1 ¼ E0 I þ aceð Þ ð106Þ
D1 is called steady-state gradient elastic stiffness. The gradient

viscoelastic stiffness changes over time, but always between the
transient and steady-state gradient elastic stiffness.

Substituting Eq. (64), the gradient-dependent viscoelastic bend-
ing stiffness is

D tð Þ ¼ E0I þ E1Ie
� t
sg

þ ac tð Þ E0 þ E1e
� t
jg


 �
= 1þ E1jg jg � sg

� �
E0jg � E0 þ E1ð Þsg exp � t

jg

� ���

�exp
�E0t

E0 þ E1ð Þsg

� �
�� ð107Þ
Similarly, by using the correspondence principle summarized in
Section 3, Eq. (101) can also be obtained directly without compli-
cated derivations. The corresponding gradient-dependent elastic
bending stiffness is (Zhou et al., 2016)

De ¼ EI þ Aa ð108Þ

Then, replacing E, A and De with s E
�
, s A

�
and s D

�
in the Laplace

space, respectively, the Laplace transformation of corresponding
stiffness in our strain gradient viscoelasticity theory can be
obtained, as Eq. (101).

There is a relationship between c tð Þ and ce, as in Eq. (64). Thus,
ce is discussed as a variable of the bending stiffness here, as pre-
sented by Eq. (104). In this way, the viscosity can also be separated
from the viscoelastic gradient parameter. For the characterization
of objective laws, our gradient viscoelastic bending stiffness D tð Þ
is nondimensionalized by the steady-state gradient elastic stiffness
D1, and time is nondimensionalized by the relaxation time jg . For
illustration, parameters of the beam considered here are taken as:
b ¼ h ¼ 1, E0 ¼ E1. Hence, the transient gradient elastic stiffness D0

(for t ¼ 0) is equal to twice the steady-state one D1 (for t ! 1),
and the dimensionless stiffness equal to 2 at t ¼ 0. The distribu-
tions of the dimensionless bending stiffness over dimensionless
time are displayed in Fig. 5 for different ratios of gradient param-
eter and the square of beam height. The dimensionless bending
stiffness will approach unity as the time approaches infinity (Eq.
(104)), which means the results obtained by our theory tend to
the one of steady-state gradient elasticity. This is a general law
in viscoelasticity. Besides, Fig. 5 shows different gradient parame-
ters make the gradient-dependent viscoelastic solutions tend to
the steady-state gradient elastic ones at different rates. For larger

h2
=ce, thick beam case, the dimensionless stiffness enters a more

table stage earlier, but it is still gradually tending to the steady-
state value.

Then, the influence of the ratio between jg and sg on the bend-
ing stiffness is investigated. The dependence of dimensionless
bending stiffness upon t=jg is given in Fig. 6 for selected values
of jg=sg . In this illustration, jg takes a fixed value, and sg are dif-
ferent multiple of jg . The trends of the dimensionless bending
stiffness have a qualitative difference when jg=sg is different.
However, the dimensionless bending stiffness still approaches
unity as the time approaches infinity, which means the gradient
dimensionless stiffness is 2 when t=jg ¼ 0.



Fig. 7. Dimensionless bending stiffness as the function of h2
=ce for different

moments. The same assumption E ¼ E is used, and j =s ¼ 0:01. The gradient-
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viscoelastic stiffness is close to the steady-state gradient elastic
stiffness. Fig. 6 shows the different rates of change in dimension-
less bending stiffness for different jg=sg . For smaller jg=sg , the
downward trend of the dimensionless stiffness is slower, which
means that it will take longer to the steady-state. Besides, when
the gradient parameter is larger (Fig. 6b), the gradient viscoelastic
stiffness approaches the steady-state gradient elastic stiffness fas-
ter under the same jg=sg .

Differences between elasticity and our gradient viscoelasticity
are discussed, as shown in Fig. 7. The bending stiffness is nondi-
mensionalized by the steady-state elastic stiffness. Steady-state
elasticity is a reference, and it corresponds to t ! 1; ce ¼ 0, that
is, D tð Þ ¼ Dse ¼ E0I; thus, the dimensionless stiffness is 1. Transient
elasticity is another reference, and it corresponds to t ! 0; ce ¼ 0,
that is, D tð Þ ¼ Dse ¼ E0 þ E1ð ÞI; thus, the dimensionless stiffness is
2 under E0 ¼ E1. At t ¼ 0, our gradient viscoelasticity is the same
as the transient gradient elasticity. The bending stiffness tends to

the transient elastic stiffness as h2
=ce approaches infinity. At

t ! 1, our gradient viscoelasticity tends to the steady-state gradi-
ent elasticity, and the bending stiffness tends to the steady-state

elastic stiffness as h2
=ce approaches infinity. However, for time
Fig. 6. Dimensionless bending stiffness as the function of dimensionless time for
different ratios of jg and sg . The same assumption E0 ¼ E1 is used. a) thin beam
case, h2

=ce ¼ 1. b) thick beam case, h2
=ce ¼ 16.

0 1 g g

dependent viscoelastic bending stiffness is nondimensionalized by the steady-state
elastic stiffness.
does not take these two points, values of bending stiffness always
between transient and steady-state gradient elastic stiffness.
Besides, solutions of transient gradient elasticity and steady-state
gradient elasticity converge to the ones of transient elasticity and
steady-state elasticity, respectively. This law is the same as the
one given in the studies of strain elasticity theories.

In all the above discussions, both classical and high-order vis-
cosity are included. However, as mentioned in section 4, the effect
of classical and high-order viscosity may be very different. For this
beam pure bending example, our gradient viscoelasticity can char-
acterize the situation considering only classical viscosity or only
high-order viscosity. If the classical viscosity is neglected (set
sg ! 1), the bending stiffness becomes
D tð Þ � E0 I þ aceð Þ þ E1 I þ acee�t=jg

� �
. The transient bending stiff-

ness remains the same, but the steady-state bending stiffness
becomes D1 ¼ E0 I þ aceð Þ þ E1I. Thus, only the gradient-
dependent part is time-dependent. This situation may be suitable
for macroscopic non-viscous solids whose classical viscosity is
always neglected. Thus, the time-dependent property exhibited
by these solids at the micro-/nano-scale may be characterized by
higher-order viscosity. While for macroscopic viscous solids, such
as polymers, gels, time-dependent effects are obvious at both the
macroscopic scale and micro-/nano-scale. If higher-order viscosity
is neglected, the bending stiffness in the beam pure bending exam-
ple is D tð Þ � E0 I þ aceð Þ þ E1 Ie�t=sg þ ace

� �
, and the steady-state

bending stiffness becomes D1 ¼ E0 I þ aceð Þ þ E1ace. The results
are illustrated in Fig. 8. It is clearly observed that the gradient-
dependent viscoelastic bending stiffness approach different values
when either classical or high-order viscosity is ignored, and these
steady-state values are larger than the one when both classical
and high-order viscosity are considered.

Through the analysis of the beam pure bending, it can be found
that our strain gradient viscoelasticity theory can describe many
phenomena that classical gradient elasticity theories can not
describe. The simplified strain gradient elasticity theory does not
contain viscosity, and it can be seen as a special case of our strain
gradient viscoelasticity theory. After ignoring viscosity, our theory
reduces to the gradient elasticity. Also, the gradient-dependent vis-
coelastic bending stiffness is related to the classical and high-order
viscoelastic models. We have only used the standard three-



Fig. 8. Dimensionless bending stiffness as a function of time after classical (or
higher-order) viscosity is ignored. The same assumption E0 ¼ E1 is used, and
h2

=ce ¼ 16. The green dash curve, jg=sg ¼ 0:1, is for comparison. Steady-state1 is
the steady-state gradient elastic bending stiffness withsg ! 1 (or jg ! 1). Steady-
state2 is the steady-state gradient elastic bending stiffness with the normal
classical viscosity.
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parameter viscoelastic models for discussion. However, the results
of other viscoelastic models can be obtained through a similar
process.

6. Conclusion

In this paper, a strain gradient viscoelastic theory has proposed.
By using this theory, the mechanical behavior of quasi-brittle
advanced materials can be characterized, and both the viscous
effect and strain gradient effect can be described at the micro-/
nano-scale. If the strain gradient effect and viscous effect are
neglected, the strain gradient viscoelastic theory can be simplified
to the classical strain gradient elastic theory and the classical vis-
coelastic theory, respectively. In the process of deriving the theory
of strain gradient viscoelasticity, the governing equilibrium equa-
tion and boundary conditions of strain gradient viscoelasticity
have been obtained by using the variational principle. On this
basis, the correspondence principle between the form of the strain
gradient viscoelastic theory in the Laplace phase space and the
strain gradient elastic theory has been derived. This correspon-
dence principle can be used to solve the problem of strain gradient
viscoelasticity. With the help of the high-order viscoelastic model,
the time curve of material characteristic scale parameters in vis-
coelastic deformation has been obtained, which provides a way
for the observation of microstructure evolution of advanced
materials.

As an application example of the strain gradient viscoelastic
theory, this paper has analyzed the cross-scale bending problem
of the quasi-brittle advanced material beam in detail, taking into
account the viscous effect and the strain gradient effect. The gov-
erning equilibrium equation and boundary conditions of the
Bernoulli-Euler beam with strain gradient viscoelastic material
have been established. The bending stiffness of a beam has been
obtained, and the influence of viscous effect on the bending stiff-
ness has been analyzed. The results have shown that the bending
stiffness tends to be a steady-state gradient elastic stiffness with
the increase of time. When the viscous effect is neglected, the
bending stiffness tends to the theoretical solution of strain gradient
elasticity.
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Page Should read

199, Eq. (3) A1 ¼ cek;
A2 ¼ ceG:

199, Eq. (5) rij ¼ @w
@eij

¼ dijkepp þ 2Geij ¼ rji;

sijk ¼ @w
@eijk

¼ ce dijkeppk þ 2Geijk
� � ¼ sjik:

199, Eq. (10) rij � sijk;k
� �

nj � DjðnksijkÞ þ Dlnlð Þnknjsijk ¼ p
�
i; or ui ¼ u

�
i;

sijknjnk ¼ q
�
i; or ui;lnl ¼ @u

�
i

@n :

199, Eq. (15) sij tð Þ ¼ 2G tð Þ � deij tð Þ;
rpp tð Þ ¼ 3K tð Þ � depp tð Þ:

200, Eq. (18) s
�
ij ¼ 2s G

�
e
�
ij;

r
�
pp ¼ 3s K

�
e
�
pp;

r
�
ij ¼ 2s G

�
e
�
ij þ dijs k

�
e
�
pp:

200, Eq. (19) re ¼ r0 þ r1;

e
_

e ¼ r
_

1
E1

þ r1
g1
;

ee ¼ r0
E0
:

201, Eq. (43) rij;j þ f i ¼ 0;

rijnj ¼ pi; or ui ¼ u
^

i:

204, Eq. (77) e11 ¼ �zw00;
e111 ¼ �zw000;
e113 ¼ �w00:
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