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In this paper, a strain gradient viscoelastic theory is proposed strictly, which can be used to describe the
cross-scale mechanical behavior of the quasi-brittle advanced materials. We also expect the theory to be
applied to the description for the cross-scale mechanical behavior of advanced alloy metals in linear elas-
tic deformation cases. In the micro-/nano-scale, the mechanical properties of advanced materials often
show the competitive characteristics of strengthening and softening, such as: the strength and hardness
of the thermal barrier coatings with nanoparticles and the nanostructured biological materials (shells), as
well as the strength of nanocrystalline alloy metals which show the characteristics of positive-inverse
Hall-Petch relationship, etc. In order to characterize these properties, a strain gradient viscoelastic theory
is established by strictly deriving the correspondence principle. Through theoretical derivation, the equi-
librium equations and complete boundary conditions based on stress and displacement are determined,
and the correspondence principle of strain gradient viscoelasticity theory in Laplace phase space is
obtained. With the help of the high-order viscoelastic model, the specific form of viscoelastic parameters
is presented, and the time curve of material characteristic scale parameters in viscoelastic deformation is
obtained. When viscoelasticity is neglected, the strain gradient viscoelasticity theory can be simplified to
the classical strain gradient elasticity theory. When the strain gradient effect is neglected, it can be sim-
plified to the classical viscoelastic theory. As an application example of strain gradient viscoelastic theory,
the solution to the problem of cross-scale viscoelastic bending of the Bernoulli-Euler beam, is analyzed
and presented.
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1. Introduction correspondence principle for any other viscous cases, although
some approximate models and the approximate analysis methods
are developed for other viscoelastic and viscoplastic cases in last
several decades.

In the present research, considering that it is essential to

describe the cross-scale mechanical behavior for a wide class of

Generally speaking, considering the viscous effect of material
and strictly solving its mechanics response, it will be faced with
solving the solution of an initial boundary value for a three-
dimensional dynamic problem, which usually requires the Laplace

transform and inverse Laplace transformation, which is an extre-
mely difficult mechanics solution process. Although many research
works have been carried out in this area in the last several decades,
the substantial research progress is only limited to the characteri-
zation of linear viscoelasticity of materials. In this respect, the cor-
responding principle for solving the linear viscoelastic effect is
strictly established. As long as the solution of the linear elastic
problem is obtained, the corresponding solution of the linear vis-
coelastic problem can be obtained strictly through using the
inverse Laplace transformation based on the correspondence prin-
ciple. According to the authors’ understanding, up to now, except
for the linear viscoelastic case, there has not existed the
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advanced elastic-brittle materials, such as, the advanced thermal
barrier coatings with nanoparticles (Liu et al., 2018), nanostruc-
tured biological materials (such as shells) (Song et al., 2016), amor-
phous glass (Cui et al., 2017), etc., we intend to present a strain
gradient linear viscoelastic theory through developing the corre-
spondence principle. We expect that the strain gradient linear vis-
coelastic theory can describe not only the cross-scale mechanical
behavior of the advanced elastic-brittle materials, but also some
alloy metals in elastic deformation cases when the applied load
is not large.

At the micro-/nano-scale, the mechanical properties of
advanced materials often show the competitive characteristics of
strengthening and softening. Strengthening corresponds to the
strain gradient effect while softening corresponds to the viscous
effect. In the past decades, a lot of researches has been carried
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out on the strengthening and softening properties of advanced
materials. Micro-/nano-structured materials are widely used in dif-
ferent fields, such as aviation and aerospace, medicine, and engi-
neering (Liu et al, 2018; Cui et al.,, 2017; Moon et al.,, 2011;
Koumoulos et al.,, 2015; Zhong and Yan, 2016; Morales-Rivas
et al,, 2015; Lurie et al., 2003). A large number of experimental
observations showed that at the micro-/nano-scale, the mechanical
behavior of materials shows a strong scale dependence (Ma and
Clarke, 1995; Lam et al., 2003; Mcfarland and Colton, 2005; Lei
et al.,, 2016). Furthermore, the softening effect of viscosity in exper-
iments was also observed. Long et al. (Long et al., 2018) found that
Young’'s modulus and hardness are strain rate dependent, and they
discussed the creep behavior during the holding stage. The strain
rate sensitivity of pure aluminum in nanoindentation experiments
were also presented by Yamada et al. (Yamada et al., 2013). Li et al.
(Li et al., 2010) conducted a large-scale molecular dynamics simu-
lation study on nano-twin copper, and the results showed that the
material strength softened below the critical twin thickness, show-
ing the inverse Hall-Petch effect. Jun et al. (Jun et al., 2011) per-
formed the bulge test of graphene monolayers with molecular
dynamics simulations and found the size-dependent nonlinear
elastic softening of graphene. Li et al. (Li et al., 2005) completed
the nanoindentation experiment on ZnS nanobelts at different
temperatures. They discovered that ZnS nanobelts exhibit signifi-
cant creep behavior under constant load not only at high temper-
atures but also at room temperature. Therefore, there is an
urgent need for a new deformation mechanism to consider both
the strain gradient effect and the viscous effect.

In the past few decades, the scale-dependent deformation
behavior of materials has attracted extensive attention. For exam-
ple, the elastic modulus of polymer epoxy a function of beam thick-
ness in the bending and tension experiments (Lam et al., 2003), the
size effect is significant when the beam thickness is comparable to
the material length scale parameter in beam bending tests
(Mcfarland and Colton, 2005), the torsion experiment of the copper
wire with the diameter of micrometer shows that the torsion shear
strength changes dramatically with the diameter of the copper
wire (Fleck et al, 1994), and so on. These mentioned above
cross-scale mechanical behavior can be described by the theory
of higher-order continuum mechanics, i.e., strain gradient theory.
In the past few decades, different versions of strain gradient theory
have been proposed. Mindlin proposed a generalized strain gradi-
ent theory (Mindlin, 1964), in which the classical strain and strain
gradient constitute the measure of total deformation, including 16
additional material parameters in addition to lame constant. Mind-
lin and Eshel reduced the length scale parameters of isotropic
materials from 16 to 5 (Mindlin and Eshel, 1968) in the second-
order strain gradient theory. However, compared with the classical
continuum mechanics theory, five additional material parameters
are still difficult to be determined by experiments. In view of this,
based on the strain gradient theory proposed by Mindlin, Aifantis
et al. put forward a simplified theory (Altan and Aifantis, 1997;
Aifantis, 1992) with only one scale parameter, which can be mea-
sured experimentally. This theoretical model is regarded as a spe-
cial case of Mindlin’s theory (Askes and Aifantis, 2011; Lazar and
Maugin, 2005). Then, by using the principle of minimum potential
energy, a variational formula of the simplified strain gradient elas-
ticity theory is given, and a complete boundary condition is
derived. Because of its simple form, the theoretical model is
applied to analyze different problems, such as bending problems
(Papargyri-Beskou et al, 2003; Lurie and Solyaev, 2018;
Lazopoulos, 2009), torsion problems (Liu, 2013; Lazopoulos and
Lazopoulos, 2012) and other problems (Sidhardh and Ray, 2018;
Miihlich et al., 2012; Gao and Park, 2007). For the theory of strain
gradient plasticity, the scale effect of plastic deformation is mainly
concerned. Fleck and Hutchinson (Fleck and Hutchinson, 1993,

1997) extended Mindlin’s simplified strain gradient elasticity the-
ory to the plastic case and developed the plastic strain gradient
theory. Wei and Hutchinson (Wei and Hutchinson, 1997) further
developed Fleck and Hutchinson’s theories by emphasizing the
compressibility of materials and the contribution of the elastic
strain gradient. Fleck and Hutchinson’s strain gradient theory have
been applied to the characterization of multiple effects (Qu et al.,
2006; Huang et al., 2004; Wei and Hutchinson, 2003; Wei, 2006;
Dona et al., 2014; Wei et al.,, 2001).

For the micro-/nano-scale mechanical properties experiment of
soft materials, the size effect and viscous effect of mechanical
behavior are also observed, such as polymer (Chong and Lam,
1999; Voyiadjis and Deliktas, 2009; Nikolov et al., 2007), biomate-
rial (Philippart et al.,, 2015; Honglin, 2017; Oyen, 2013), epoxy
resin (Lam and Chong, 2000; Alisafaei et al., 2014), etc. Obviously,
the viscous effect of soft materials will be more prominent. In this
case, a new high-order measurement method has been developed
to characterize the strain gradient behavior and to explain the size
effect of mechanical behavior of polymer epoxy beams when bend-
ing (Lam et al., 2003). Nikolov et al. (Nikolov et al., 2007) put for-
ward the theory of strain gradient elasticity of solid polymer
based on the concept of Frank’s elasticity, in which the size effect
is only related to the rotational strain gradient. The theoretical cal-
culation shows that the length scale of rubber and liquid crystal
polymer in the case of small strain elasticity is about several
nanometers. Han et al. (Han and Nikolov, 2007) extended Nikolov
et al.’s strain gradient elasticity theory to the elastoplastic case.
Similar to the mechanism-based strain gradient plasticity theory
(Gao et al., 1999), some gradient-dependent plasticity models have
been established to explain the mechanical behavior of polymer
under the size dependence (Chong and Lam, 1999; Voyiadjis and
Deliktas, 2009; Swaddiwudhipong et al., 2005). In these models,
the concept of geometrically necessary buckling (Argon, 1973) is
introduced to explain the scale effect in the plastic deformation
process. Soft materials are widely used in the field of medical engi-
neering, which also show significant viscous effect at the micro-/
nano-scale (Crichton et al.,, 2013; Chen et al., 2014; Li, 2018;
Tranchida et al., 2009).

The micro-/nano-scale viscous effect and strain gradient effect
are obvious. Thus, some theories have been developed to explain
these phenomena. Valanis (Valanis, 1997) proposed the gradient
theory of viscoelasticity by using the variational principle and
the notion of internal fields under isothermal conditions. lesan
and Quintanilla (Iesan and Quintanilla, 2013) developed a gradient
theory of thermoviscoelasticity and presented a thermoviscoelastic
solution that is analogous to the Cauchy-Kowalewski-Somigliana
classical elastic solution in the isothermal theory. Based on the
strain gradient plasticity theory proposed by Fleck and Hutchinson
(Fleck and Hutchinson, 2001) and the finite strain gradient plastic-
ity by Niordson and Redanz (Niordson, 2004), Borg et al. (Borg
et al., 2006) proposed a viscoplastic generalization. Also, a finite
element framework was finished to analyze materials with voids
or inclusions. Lele and Anand (Lele and Anand, 2009) developed
a thermodynamically consistent large-deformation theory of
strain-gradient viscoplasticity and solved some simple mechanical
problems using this theory. However, these studies did not include
the high-order viscosity or derive the formulation of gradient
parameters.

In this study, we propose a strain gradient linear viscoelasticity
theory, which can describe the viscous effect and strain gradient
effect of solid at micro-/nano-scale. At the same time, the expres-
sions of gradient parameters related to the viscous effect and strain
gradient effect are derived in detail by building a high-order vis-
coelastic model. The rest of this paper is arranged as follows. In
the second section, the simplified strain gradient elasticity theory
and the classical viscoelastic theory are briefly introduced. In the
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third section, based on the variational principle, the strain gradient
viscoelastic theory is established, and the equilibrium equation
and boundary conditions are given. Then, a correspondence princi-
ple between the strain gradient viscoelastic theory (in the Laplace
phase space) and the strain gradient elastic theory is proposed. In
the fourth section, the relationship between the gradient parame-
ters and viscoelasticity is obtained by establishing a high-order vis-
coelastic model. The fifth section takes the bending of beam as an
example. The last section 6 is the conclusion.

2. Related theories

In this section, we give a briefly reviewing on the related theo-
ries, the simplified strain gradient elasticity theory developed by
Altan and Aifantis (Altan and Aifantis, 1997)and Gao and Park
(Gao and Park, 2007), and the classical linear viscoelastic theory.

2.1. The simplified strain gradient elasticity theory

Based on Mindlin’s general strain gradient, a simplified strain
gradient elasticity theory was proposed by Altan and Aifantis
(Altan and Aifantis, 1997; Aifantis, 1992). Then, Gao and Park
(Gao and Park, 2007) provided a variational formulation by using
the principle of minimum total potential energy. This simplified
theory only involves an extra gradient parameter besides the Lame
constants.

For isotropic and elastic material, the strain energy density con-
sidering strain gradient effect is written as (Altan and Aifantis,
1997; Gao and Park, 2007)

1, 1
w= W(S,‘j7 Sijk) = E/Lgiig]j + Ggijgij + §A181,'k8]'jk +A281jk81jk (1)
where / and G are Lame Constants, A; and A, denote the high order
moduli, the strain &;, and strain gradient & are related to displace-
ment, given as
&y = 3 (Wi + Uji) = & )
Eijk = Eijk = % (Ui.jk + uj,ik) = &jik

The high-order moduli are represented by using a gradient
parameter ¢, and Lame constants in the simplified strain gradient
elasticity theory, as

A = Cely By = G (3)

where c, has the dimension of length squared.

Referring to Eq. (3), Eq. (1) is a simplified formulation of the gra-
dient elasticity of Mindlin (Mindlin, 1964), proposed by Altan and
Aifantis (Altan and Aifantis, 1997).

The total strain energy for gradient-based linear elastic material
can be written as

1
W = 5 // (O’ij&j + r,-jks,-jk)dv 4)

where the components of the Cauchy stress oy, the double stress T
are given as follows

ow ow

Oij = — = 0;/&pp + 2G&j = GiTik = ——

0= Pe ij+Epp + 2GEjj = OjiTijk e
= Ce(Si/8ppk + 2GEiik) = Tjik (5)

The external force potential energy is
P= [ fudv-+ [ i+ qDuyds (6)
v s

where f;, p; and g; are body forces, surface tractions, and double
tractions, respectively. D is the normal derivative operator

9
D=nig )

with the outward unit normal vector n = n;e;. Using the principle of
minimum total potential energy, the variation of total potential
energy equals to zero:

oIl = oW — 6P
- /V (G685 + Tyedeg — fious)dV — /S (piou; + q,D(ou))dS  (8)

After some calculations, one can obtain the following governing
equilibrium equations and boundary conditions as,

(O'ij - Tiij()j +fi =0 (9)

(O','j — ’L'ijk_k)nj — Dj (nkfijk) + (Dlnl)nknﬂ,«jk = f),- or u;

- _ ou;
= Ui Tyl = G; OF Uy iy = 8_111 (10)
whereD; is the surface gradient operator
7]
D = 8_)9 —nD (11)

Egs. (2), (5),(9) and (10) compose the simplified strain gradient
elasticity theory, and only one material parameter is involved in
this theory.

2.2. Viscoelastic theory

Viscoelastic theories have been developed in the past hundred
years. Viscoelastic constitutive models are useful to model phe-
nomena such as creep, relaxation, damping etc. In this section,
we give briefly reviewing on the viscoelastic theory, mainly refer
to Christensen (Christensen, 1982).

In viscoelastic models, the current stress depends on the strain
history. If the strain history &; = &;(t) are assumed to be continu-
ous, and ¢g;(t) =0 for t <0, the stress-strain relation can be
expressed using a Stieltjes integral

o(t) = [kC,‘jkl(th)é:k,(C)d{ = [ Cija(t — {)dew(0) (12)

where dot above the variable denotes derivatives, the integrating
stiffness function Cyy(t) is a fourth-order tensor.

For concisely, the stress-strain relation of Eq. (12) is used to be
written as the Stieltjes convolution form

0i(t) = Cja(£) * deg(t) = & (f) * dCiq(£) (13)

where x is the Stieltjes convolution symbol. The Stieltjes convolu-
tion is defined as

prdo— [ o npide (14

Similarly, the isotropic form of the viscoelastic stress-strain
relations can be expressed by the spherical tensor and deviatoric
tensor of stress and strain

sii(t) = 2G(t) = dej(t)opp(t) = 3K(t) * depp(t) (15)

where G(t) is the shear relaxation function and K(t) is the bulk
relaxation function. Total stress tensor is given as

1. ,
O-[j:Sjj+§()[jO-pp =26*d8ﬁ+5ijk*d8pp (16)
where G(t) and A(t), similar to the Lame constants in elasticity, are
the relaxation functions in viscoelasticity. The strain at each
moment is related to the displacement at that moment, given by
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& = &i(t) = % (i (£) + wji(0)] 17

In order to solve viscoelastic problems, Laplace transformation
is often used. the Laplace transformation of Egs. and are given as
follows, noting the condition &; = 0 for t < 0,

Sij = 25G ey = 35K £y 05 = 25 G &5 + 0 1 Epp (18)

where s is the Laplace transformation variable, symbols with a bar
above denote variables undergone the Laplace transformation. It
can be found that the elasticity relationship is reinterpreted as
the Laplace transform of the corresponding viscoelastic relationship

by replacing G by sG(s), 2 by s A(s), and K bysK (s). This is the cor-
respondence principle between elasticity and viscoelasticity. The
viscoelastic problems can be solved directly based on the elastic
solutions by using the correspondence principle.

However, the form of relaxation functions should be specific to
obtain the solutions of viscoelastic problems. There are several dif-
ferent models to explain the viscoelastic property of materials.
Here, the most commonly used standard three-parameter model
is presented as an example, as shown in Fig. 1. The classical stan-
dard three-parameter model is always referred to as the model
of linear solid materials. The series combination of a spring and a
dashpot is an important building block, which called Maxwell unit.
This three-parameter model is obtained by adding a spring in par-
allel to a Maxwell unit. For isotropic materials, the stress—strain
relation can be written as

. 01 01 (o)
0. =00+ 01& E, + ’11 Ee E (19)
where g, and &, are equivalent stress and strain of the model,
respectively. oo and ¢, are the stress acting on the spring and the
Maxwell unit, respectively.
Applying the Laplace transformation to Eq. (19)

EiTgs \ - -
T ‘gcgs) e=Q(s)¢ (20)

6':<E0+

where 1, = #,/E; is the relaxation time of the Maxwell unit in
macroscopic scale. The relaxant Q(s) is defined as

B Eitgs
Q) =Fo s 1)
The relaxation function in the Laplace space is defined as
fg(s) - Qs) _Eo +ﬂ (22)

s s 1+47Ts

Applying the inverse Laplace transformation, the relaxation
modulus in Euler space can be obtained

E(t) = L 'E(s) = Eo + Eye /% (23)
AOA A E 0
o o
771 El

Fig. 1. The classical three-parameter viscoelastic model.

There are many different viscoelastic mechanical models, such
as standard series-parallel models (a spring in series with a Voigt
unit or parallel with a Maxwell unit), and other different combina-
tions between springs and dashpots. They are applied in different
problems to explain different viscous behaviors.

The simplified function of the first viscoelastic variational prin-
ciple, [], is given as (Christensen, 1982), provided that the accumu-
lation strain is taken as the independent variables of the strain
energy density function,

M= [ |3 Codoy+du —fredufav [ gedupas (29

where Cyy(t) is the stiffness function, f; are body forces, p; are the
prescribed stresses on the boundary. The first variation of Eq. (25)
is given by

oIl = / [Cijkl * dSij * d(58k1) —f,- * d(éui)] dv
Vv

- / (p; + d(6u))dS (25)
S

The variational equation ¢ [] = 0 leads to the equilibrium equa-
tions and the stress boundary condition (Christensen, 1982)

oijj+fi=0 (26)

iy = P; (27)

This simplified viscoelastic variational principle is an extension
of the principle of potential energy in elasticity, and it is a simpli-
fied form of Gurtin's (Gurtin, 1963) linear viscoelastic variational
theorems.

3. Strain gradient viscoelasticity theory

In this section, a strain gradient viscoelasticity theory is gener-
ated by extending and combining the strain gradient elasticity and
conventional viscoelasticity. In the strain gradient viscoelasticity,
components of stress, double stress, strain, strain gradient are
functions of time, besides of the coordinates, and equations are
described by the Stieltjes convolution.

3.1. Variational formulation for strain gradient linear viscoelastic

In conventional viscoelasticity, the double stress and strain gra-
dient are neglected. The stress-strain relation is given as Eq. (13),
and the strain is related to displacement at the current moment,
as Eq. (17). However, the size effect should also be significant at
the micro-/nano-scale. Thus, in our gradient viscoelasticity, size
effect should be considered. The strain gradient is defined as

{i,‘jk(t) = 8,‘j7k(t) = % [u,»_jk(t) + Uj',‘k(t)} = Bﬁk(t) (28)

And g (t) = 0 for t < 0. The work-conjugate double stress T is
related to the strain gradient rate and deformation history. Thus,
the relation between double stress and strain gradient can be writ-
ten as the Stieltjes convolution

‘L','jk(t) = A,‘jkl”m(t) * d81mn(t) (29)

In Eq. (29), we introduce a new material parameter Ajjmn(t),
which is called high-order relaxation function. It is a sixth-order
tensor.

Considering an assumption of point symmetry in the symmetry
group of the material, and by analogy with Eq. (8), provided that
the accumulation strain and accumulation strain gradient are
taken as independent variables of the total strain energy density
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function, the variational function [] for the strain gradient linear
viscoelastic theory can be derived as follows,

1
II = E /V (Cijkl * dSij * dskl +Ajjk[mn * dSijk * dslmn)dV

- / (f; * du;)dV — / (p; * du; + q; * Ddu;)dS (30)
% Js
where f;(t) are body forces, p;(t) and g;(t) denote the stress traction
and double stress traction on the boundary, respectively. The nor-
mal derivative operator D(-) is defined as Eq. (7).

Using Eqgs. (13) and (29), the function [] can be described by the
stress and double stress

I :% /V (0 * déy + Ty = degr)dV — /v (f; » duy)dV
_/; (p; = du; + q; * Ddu;)dS (31)
The resulting first variation of Eq. (31) is given by
5T = /V [0+ d(685) + Ty » d (de5)] AV — /V fi+ d(sup)dv
- /S (b, + d(6w) — g, + d[D(6u;)]}dS (32)

Using Eqgs. (17) and (28), and applying the chain rule, the first
term on the right-hand side of Eq. (32) can be written as

/ [0+ d(5e5) + Ty * d(Sey) | AV
JV
= / [G,‘j * d(&uu—) + Tijk * d(&uiJ,<)]dV
Vv
= /V {[(O’ij — Tijk_k) * d((ill,')b — [(Gij — ‘Ci}'k-,k)]J * d(5Uj)
+ [Tije * d(éu,-J-)]_’k}dV (33)
Further, applying divergence theorem to Eq. (33) results in
/ {O','j * d((SSU) + Tijk * d(éﬁukﬂdv
JV
= —/ (G,‘j - Tijk.k)J- * d(au,)dV + / nj(Uij - Tijk_k)
Vv S
* d(6u1)d5 + / M Tijk * d(éuu)dS (34)
S

The integrand of the last integral of Eq. (34) can be written as
nk‘c,»jk * d(éu,;j) = nkfijk * dDj((SU,’) -+ nknj‘f,»jk * dD(éu,) (35)
where D; has been defined in Eq. (11). Using the variational chain

rule, the first term on the right-hand side of Eq. (35) can be written
as

M Tk * dD;(0u;) = Dj [Ty + d(Suy)] — Dy (miTize) + d(Suy) (36)
And
D; [ty = d(suy)] = (Ding) g T * d(0u;)

+ Ngqpm (EmyTuM Tije * (7)), (37)

where ey, is the permutation symbol. Similar results have been
given by Mindlin (Mindlin, 1964) and proved by Gao and Park
(Gao and Park, 2007) in the derivation of strain gradient elasticity
theory. However, the integral of time replaces the matrix multipli-
cation in our strain gradient viscoelasticity theory.

Combining Eqs. (34)-(37) then gives

// (0 ddei + Ty + d(0gi5) )dV
= _/v (0 — r,»jk,k).j * d(ou;)dV + /S ey Tije + d(Douy;)dS
+ /5 (0 — Tijkek) — Dj(nTii) — (Ding)men; Tise]
« d(ou;)dS + /S 1q€pgm (Emy MMk Tijk * d(éui))_’pds (38)
Assuming the boundary S is smooth, the last integral term of Eq.

(38) is zero according to Stokes’ theorem. Hence, the first variation
of Eq. (31) can be written as

STl = — /V (05— ), + 1] » d(Guav

+/5 [(05 — Tijes) 1 — Dy (MieTiie) + (Din) ey Ty — pi

* d(éuk)dS + / (TU,<njnk — ql) * dD(éu,)dS (39)

Let 6I1 =0, the differential equilibrium equation can be
obtained

(05— Tijk.l<>J +fi=0 (40)

together with the boundary conditions

(O'ij - Tﬁk‘k)nj - Dj(nkfijk) + (Dyny)meny Ty = p; or u; = 1 (41)
ot
TijklM = q; O Uiy = afnl (42)

The format of the governing equilibrium equation and the
boundary conditions derived here are similar to those given by
Altan and Aifantis (Altan and Aifantis, 1997) and Gao and Park
(Gao and Park, 2007). However, all variables in Egs. (40)-(42) are
the function of time. Namely, they are related to the history of
deformation. That is why our strain gradient viscoelasticity theory
can explain the time-dependent property of materials. In addition,
the high-order boundary condition of displacement occurs due to
the introduction of high-order deformations.

If the viscosity is not considered, variables will be time-
independent, and there is no need to describe equations in the
Stieltjes convolution. Hence, the equilibrium equation and bound-
ary conditions reduce to the simplified strain gradient elasticity
theory given by Gao and Park, as Egs. (9) and (10). Furthermore,
in the absence of the size effect, the equations - reduce to,

oij +fi =00ynj =p;oru; = ii; (43)

where ¢; becomes the components of Cauchy stress in classical
elasticity. Eq. (43) explains the governing equation and boundary
conditions in the classical elastic theory.

3.2. Gradient viscoelasticity for linear isotropic solids

For gradient-dependent, isotropic, elastic materials, stress is
written as Eq. (16). Similarly, the double stress can be expressed
in the spherical and deviatoric of the strain gradient

Tijk = ;TW = 5UA1 * dgppk + 2A2 * dgijk (44)
Cijk
where A;(t) and A,(t) are higher-order relaxation functions for iso-
tropic solids, which are similar to the definition of Lame constants
in classical elasticity.
Combining Egs. (16), (40), and (44), the equilibrium equation
leads to
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|:(5U/L * dgpp +2G * dﬁij) — (51]/41 * dgppk + 2A; * dgl’]‘k)7k:| f -‘rf,' =0
(45)

Further, to apply this simplified strain gradient theory to prob-
lems that favor a displacement formulation, the displacement form
of the theory is derived. Combining Eqs. (17), (29) and (45) results
in displacement form of the equilibrium equation

A% dup‘pk +Gx d(“ppk + ukpp)
= V2 [Ar * duppi + Ay + d(ttppic + dtypp)] + f =0 (46)

where V? is the Laplacian operator.

There are still two extra parameters A;, A, that are independent
of traditional materials parameters. However, in classical strain
gradient theories high-order material parameters and classical
material parameters are always related. Thus, we introduced a vis-
coelastic gradient parameter to link these two higher-order mate-
rial parameters with the classical material parameters, which is
inspired by the relations between Lame constants and the gradient
parameter in the simplified strain gradient elasticity theory, Eq.
(3). The relations are written as

Ar(t) = A(t)  dc(t), Ay(t) = G(t) + dc(t) (47)

where c(t) is the viscoelastic gradient parameter, which can also be
called the material characteristic scale parameter. This gradient
parameter is related to both strain gradient effect and viscous effect
of a solid. Therefore, after substituting Eq. (47) into Eq. (45) or (46),
only one extra material parameter c(t) is left in our gradient vis-
coelasticity theory. In the next section, we will present the concrete
form of c(t) by building higher-order viscoelastic models.
Inserting Eq. (47) into Eq. (46) then gives

A% dupvpk + G * d(up,pk + uk,pp)
— V2[4 dc * dup p + G+ de x d (p pi + dugepy )] +f =0 (48)

Heretofore, all equations in our strain gradient viscoelasticity
theory are represented with Stieltjes’ convolution, and it is a little
complex in form. Moreover, a correspondence principle between
gradient viscoelasticity in Laplace phase space and gradient elastic-
ity can be given using the equations after Laplace transformation.
Hence, the Laplace transform is used in our strain gradient vis-
coelastic equations.

Firstly, Egs. (16) and (44) can be converted to the Laplace trans-
form of the Cauchy stress and viscoelastic double stress, respec-
tively giving

&ij = (5,']'5 ;L Elpp +2s 6 g‘ij (49)

Tie = 0ySA1 Eppic + 25A2 i (50)
The Laplace transformed parameters, A; and A,, can also be

given

Ai=scl, A =scG (51)
Therefore, the Laplace transform of the differential equilibrium

Eq. (40) yields, together with Egs. (49), (50) and,

{(5,-,5151,1, +2sE;é,,-) —sc (5,,»55.5@,( +2565,»jk) ,} +fi=0 (52)
i

k

Also, Eq. (52) can be obtained directly by applying the Laplace
transform to Eq. (45). Applying the Laplace transform to Eq. (48),
the displacement form of the equilibrium equation is

(] - SEV2> [S;Lﬂp‘pk + 25& (lilp‘pk + ilk‘ppﬂ -‘r];k =0 (53)

In conclusion, equations in our strain gradient viscoelasticity
theory and the classical simplified strain gradient elasticity theory
can be given in a corresponding form, as shown in Table 1. There-
fore, gradient-dependent viscosity problems can be solved based
on solutions of the strain gradient elastic ones. Solving problems
will be much easier using this correspondence principle.

4. High-Order viscoelastic model

In order to solve the governing equilibrium equation in the
strain gradient viscoelasticity theory and obtain the concrete for-
mulation of the viscoelastic gradient parameter, the relation
between double stress and strain gradient must be presented. By
analogy with the classical viscoelastic model, a high-order three-
parameter viscoelastic model is introduced, as shown in Fig. 2.
The circle with an arrow means that the element bears moment.

In Fig. 2, {; is the higher-order dashpot. Hy and H; are higher-
order elastic components, which represent the higher-order mod-
ulus. The relations between higher-order modulus and traditional
modulus are the same as the ones in the strain gradient elasticity
theory (Eq. (3))

Hp = c.Ep

54
H] = CEEI ( )

where c, is the gradient parameter in strain gradient elasticity the-
ories without considering viscous effect, E; and E; denote the tradi-
tional modulus.

Thus, relations between the double stress and strain gradient of
the higher-order viscoelastic model can be given as

T=T0+ T

o T T _ T T

i R (55)
— T _ T

k=, =k,

Applying the Laplace transform, the higher-order stress—strain
relation can be obtained

- CE1lss >* A(c\s

T=|(CEy+—— e, =sA(S)¢ 56
(ccbo o2 o Jx =sA G (56

where A(t) is defined as the high order relaxation modulus of isotro-

pic solids,A (s) is in Laplace space, and the definition is similar to Eq.
(22)

A@:QGM_5%> (57)

ET

Applying the inverse Laplace transform, the higher-order relax-
ation modulus is given

Alt) =c. (Eo + E; e"/"g) (58)
where

RSS!
& H ok (59

where K is defined as the relaxation time of higher-order viscoelas-
tic models, corresponding to a specific relaxation time of the Max-
well unit at the nano-scale. The value of k,should be much smaller
than 7, of the Maxwell unit at macroscopic scale.

Using the correspondence principle, similar to Eq. (3) or (54),
the relation between relaxation function and higher-order relax-
ation function can be obtained

A(t) = E(t) = dc(t) (60)

where E(t) is the relaxation function, as given by Eq. (23). The
Laplace transform of Eq. (60) is
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Table 1

203

Gradient-dependent elastic quantities and their viscoelastic analogs.

Strain gradient elasticity

Strain gradient Viscoelasticity

aij = Cyjiépl

aij = 0jjAepp + 2GEj;

& =5 (uij + )

Tijk = Ajjkimn Emn

Tijk = 0ijA1Eppk + 2A2Ejk
&k = &g = 3 (Ui + W)
A] =C4, Az =cG

(03 — Tjw) j +fi =0

(1 - cvz) [Attp pic + 2G (Up pic + Ugpp) ] +fi =0

i = SEijklgkl

Gy = 85 1 Epp + 25G &
&=} (ﬁw' + ﬁj.i)

%ijk = SIzlijklmn Elmn

Tij = é,js;\l Eppk + ZSAZEU,(
Eijk = Eij.k =3 (axjk + Elj.ik)
Ay =sci, Ay =scG
(0~ Ta)  + Fi =0

(1 - SEVZ) [siﬁp,pk 125G (ﬁp,pk + ﬁ,cpp)} +fi=0

4 H,

Fig. 2. The higher-order three-parameter viscoelastic model.

A=scE (61)
Hence, the viscoelastic gradient parameter in Laplace space c(s)
is
_ A
c=— (62)
SE

For the three-parameter viscoelastic models, substituting Eqs.
(22) and into Eq. (57), the viscoelastic gradient parameter can be

obtained

coc(Boy Eike ) g(Fo BT
\s T4 Ks s 1471,

Applying the inverse Laplace transform, the viscoelastic gradi-
ent parameter can be obtained.

(63)

~Egt

Eq(1¢, — 74) {;[ 7”
ct)=c{l1l+——°> °/ |pkg — plEp+Ey)T,
(®) e{ Bk - Bt Engg |0 "

This viscoelastic gradient parameter changes over time, but it
has a limit value. For t = 0, the viscoelastic gradient parameter is
(65)

(64)

Co = Ce
For t — oo, the viscoelastic gradient parameter is
(66)

co and c, can be called as the transient and steady-state gradi-
ent parameter, respectively.

If the classical and higher-order viscosity are neglected, which
means there are no dashpot or higher-order dashpot in viscoelastic
models, Eq. (64) can be reduced to

C==¢Ce (67)

This indicates that the strain gradient viscoelasticity can be

reduced to the strain gradient elasticity (Altan and Aifantis,
1997; Aifantis, 1992; Gao and Park, 2007) when the viscous ele-

ments are removed. Furthermore, the relation between c(t) and
c. supplies an easier way to use our strain gradient viscoelasticity.
The gradient parameter of a solid is always difficult to be deter-

mined. However, numerous studies have been done around strain
gradient elasticity theories, and gradient parameters of many
materials have been obtained or given the range. Therefore, the
viscoelastic gradient parameter can be determined conveniently
by using Eq. (64), and the more reasonable and accurate results
can be obtained.

From Eq. (64) the constitutive parameter, c(t), is invariant with
respect to change of origin of time, c(0) = c.. Then the constitutive
parameter varies with time due to gradient viscoelastic effect
depended on the materials parameters (ce, Eo, E1, Tg, kg ).

To present the relation between c(t) and c., the distribution of
the normalized gradient parameter c/c. along the dimensionless
time t/x is illustrated, as shown in Fig. 3 for different values of
K¢/Tg. The time-dependent property of this viscoelastic gradient
parameter c/c.in our viscoelasticity theory is checked as follows.
The normalized gradient parameter is higher than one when
K¢/Tg > 1, and smaller than one when k,/7; < 1. Referring to the
research conclusions for many cross-scale problems based on the
strain gradient theory, higher order effect is often predominated

under the nano-/micron scale, and it is neglectable at macroscopic
scale. Similarily, the high-order viscosity is related to the evolution
in nano-/micro-structure, and should be more rate-sensitive than

= ¥ /1.=0.001
1.0 T g g
N o= Theeee x /1.=0.01
N g g g
oo L 7 = = %,/T,=0.1
/7 K,/1,=0.5
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% L: /0.97 i ’_-"-_-- 4
07k & | ] g
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: o7 ) . ’ Bl
osl | / '; i
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g

Fig. 3. Variation of the normalized gradient parameter with normalized time. The

moduli Ep and E; have the same value when plotting.
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conventional viscosity. Thus, the high-order relaxation time g
should be much shorter than the classical relaxation time 7,. And
the reasonable case corresponds to k,/7y < 1, so that we shall
pay our attention to this case investigation.

For K/t < 1, Fig. 3 shows variation of the normalized gradient
parameter with the normalized time, t/k,, for several cases of
Ky/Tgvalues, 0.001,0.01, 0.1, 0.5, 0.8. From Fig. 3, one can find that
the normalized gradient parameter is always smaller than one for
every case. That is to say, that the gradient parameter in strain gra-
dient viscoelasticity theory is always smaller than that in classical
strain gradient elasticity theory. Therefore, the strain gradient vis-
coelasticity theory can be used to describe the softening phe-
nomenon of advanced materials at micro- or nano-scale. When
the ratio of the specific relaxation times of the Maxwell unit at
the nano-scale and at the macroscopic scale,k,/Tg, is much smaller,
as seen 0.001, the softening degree is much higher, and the ratio
c/c.tends to its minimum value 0.5 within a time region corre-
sponding to K,/T; — O.

When #z/7, — 1, the normalized gradient parameter stays as
one along time, referring to Eq. (64), and it can also be proved
briefly. Firstly, rz/7, = 1 leads to

A(t) = CE(EO +E1e“/"g) = CE(EO +E]€_t/rg) (68)
Then, Eq. (62) becomes

C=—"—=
SE

Thus, Eq. (69) leads to ¢ = c.. It can be understood that the vis-
coelastic gradient parameter in our definition no longer shows
time-dependent property when kz/7, = 1. However, it does not
mean that our strain gradient viscoelasticity theory no longer exhi-
bits viscosity. The relaxation function and high-order relaxation
function are still time-dependent, as described by Eqs. (23) and
(58). Maybe we can find a better way to define this viscoelastic gra-
dient parameter to remove this singularity in the future.

In the preceding discussion of the viscoelastic gradient param-
eter, both classical and higher-order viscosity are considered. How-
ever, the effect of classical and higher-order viscosity should be
very different. Classical viscosity should be dominant for a longer
time process corresponding to a macroscopic representative cell
of materials, while the higher-order viscosity should be dominant
for a shorter time process corresponding to a nano-scale represen-
tative cell of materials. If the classical viscosity is neglected (set
T, — 00), the classical relaxation function E(t) reduces to

El;,_ ~Eo+E (70)

A c
= (69)

Thus, the viscoelastic gradient parameter reduces to
Eo + Ejet/%e
Eo +E;

In this consideration, c(t) is a monotonically decreasing func-

tion of time, and the steady-state value is less than the gradient
parameter c, as

c(t) ~ce

for 7, — o0 (71)

Eo
Co = cem for 1, — oo (72)

In another case, the higher-order viscosity is neglected (set
Ky — 00), which means only classical viscosity comes in, the
higher-order relaxation function A(t) becomes

Al,—oo = Ho + Hy = ce(Eo + E1) (73)

And the viscoelastic parameter reduces to

—Egt
c(t) ~ ce EO;;E] (1 _ e(Eu*EOl)fg> for kK, — o (74)

Now c(t) is a monotonically increasing function of time, and the
steady-state value is larger than the gradient parameter c., as

Ce for kg — oo (75)
0

The characterization of viscosity in different cases can be
archived by adjusting the value of viscous elements. As an exam-
ple, the influence of viscosity for beam bending stiffness will be
discussed in the next section. Besides, the material parameter
c(t) is correlative with the viscoelastic and higher-order viscoelas-
tic models. c(t) in Eq. (64) is just for the classical and higher-order
three-parameter viscoelastic models. However, the solution corre-
sponding to other viscoelastic models can be obtained through the
same process.

5. An example: bending of beam

The strain gradient viscoelasticity theory derived above offers
an opportunity to describe the contributions of both strain gradi-
ent and viscosity in micro-/nano-scale experiments. Papargyri-
Beskou et al. (Papargyri-Beskou et al.,, 2003) developed a size-
dependent Bernoulli-Euler beam model with the uniaxial stress
state assumption, which means only axial non-zero strain and
strain gradient are taken into account. The six-order governing
equilibrium equation and boundary conditions are obtained based
on the variational approach, but this model only considers the
strain gradient effect. The development of strain gradient vis-
coelasticity case below is an extension of that given by
Papargyri-Beskou. The gradient-dependent property and viscosity
during the beam bending are discussed using our strain gradient
viscoelasticity theory.

5.1. Gradient viscoelastic beam model

A rectangular Bernoulli-Euler beam of length L, width b, and
height h is considered. The x axis coincides with the centerline of
the beam, and y,zaxes are within the cross-section, as shown by

Fig. 4. Coordinate variables x, y, z are enumerated as 1, 2, 3.
The displacement components are similar to the ones in the classi-
cal elasticity

Uy = -z (x,t), u; =0, us = w(x,t) (76)
where y ~ dw/dx =w' is the rotation angle of the beam cross-
section for small deformation.

From Eqgs. (17) and (28), the nonzero strain and strain gradient
are

e = —zW'ery = —zw”, &3 = —w' (77
And from Eq. (31), the first term of variational function [] is
17
HZE/ [011 * dé11 + T111 * déqn + Tia3 * déqg3]dV (78)
v

1

where stresses 11, T111 and 7113 can be obtained from Egs. (16) and
(44) , with neglecting the Poisson effect as the classical beam theo-
ries (A(t) = 0, 2G(t) = E(t) and A;(t) = 0, 2A;(t) = A(t))

011 :E*dS]] = —ZE x dw” (79)

T111 :A*d81]1 = —zA xdw”

80
T113 =A*d81]3 = —Axdw’ ( )

Using Eqs. (76)-(79), the first term of variational function can be
found
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Fig. 4. Geometry and coordinate system of a beam.

M —M!'=q (89)

I1-, / [Z2E « dw’ « dw’ + 224« AW « dw” 1 A+ dw’ « dw']dV
Vv

1
= % / [IE + dw" « dW" + IA + dW" x dW” + @A x dw" x« dw"]dx
L
(81)

where I = [, z>ds denotes the moment of inertia, a is the area of
cross-section. The resultant moment and high-order moment in
our viscoelasticity may be further defined as

M = M(t) = (IE + aA) = dw” (82)

My = My (t) = IA + dw” (83)

Using partial integration, the first variation of []; is
o[ =M=d@ew)ls — M« d(ow)]
1
+ /L [(M" = M"}y) * d(ow)]dx+Mp + d(5w”") 5
— My d(swW) |, + M+ d(ow) (84)
The rest terms of variational function are written as
1= _/L (@ * dw)dx — (Qs + dw)[s + (Ms = dw) [ + (Mys * dw”)[

2

(85)

where q(t) is the external distributed force, Q(t) is the boundary
shear force, M,(t) and M(t) are the boundary moment and high-
order moment. And the first variation of ], is

s[]=- /L [q * d(sw)]dx — [Q, * d(oW)]|§ + [Ms * d(5w)][g
5 :

+ [Mys + d(ow”)] g (86)

Thus, the first variation of variational function [] is
5H_5<H+H> (87)
1 2
Let 6] = 0, and after some calculations,
S[[=-(M —M"y +Q) « d(éw)‘z
+ (M = M’y + M) # d(6W) |o+(My, + Mis) = d(6w") 5
T /0 1M~ M, — q) + d(ow)] dx — 0 (88)

Thus, the governing equilibrium equation can be obtained

together with the boundary conditions at x =0, L

M’y =M +Q,= 0orw=w,

M—-My+M;= 0orw =wp (90)
My +Mps = 0or w =w'y

Combining Eqgs. (82), (83) and (89), the governing equilibrium
equation can be written in another form

(EI + Aa) + dw" — JA « dw"' = g (91)

This beam bending theory is an extension of classical gradient
elasticity theories. Eq. (91) includes the effect of the deformation
history by using the Stieltjes integral. Hence, the viscosity exhib-
ited during beam bending can be explained.

It should be noted that the governing equilibrium equation can
also be obtained directly using our correspondence principle sum-
marized in Section 3. The equilibrium equation in the classical
strain gradient elasticity theory is (Lurie and Solyaev, 2018)

(EI + Aa)dw" — IAdW"" = q (92)
To obtain the corresponding equation in our strain gradient vis-
coelasticity theory, replace E and A with sE and sA in the Laplace
space, respectively
- - S\ - -VI —
<sEI+sAa>w —sIAw —q (93)
The inverse Laplace transform of Eq. (93) is the solution of the
gradient viscoelastic beam, that is, Eq. (91).

5.2. Bending solutions of gradient viscoelastic beam

For beam pure bending, beam size and coordinates are set as in
Section 5.1. The displacement components can be written as

1 1
Uy = pXzZ, Uy = —pvyZ, U3 = ipz)(yz -2%) —jpx2 (94)

where v is the Passion ratio, p = p(t) is the curvature of the central
axis of the beam after bending in the yz-plane, and it is the function
of time in our strain gradient viscoelasticity theory. The compo-
nents of strain and strain gradient are

&11 = Pz, & = —VPZ, €33 = —VPZ
&113 = P, €3 = —UP, €333 = —UP

Setting the bending moment M = M(t), the functional [] () can
be written as

(95)

H=/ EZZE*dp*dp+%A*dp*dp dvV — LM« dp (96)
v
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where E(t) is the stiffness function, and A(t) is the high-order stiff-
ness function.
The resulting first variation of Eq. (96) is written as

s[] = /V [22E «dp + d(5p) + A+ dp + d(5p)]dV — LM

«d(8p) 97)
Let 6] =0,
/‘/(zzE*dp +Axdp)dV —IM =0 (98)

The Laplace transformation of Eq. (98) is
/s(zzimA b)dv—LM:O (99)
14

The twist angle can be obtained

M

_ (100)
SEl+sAa

p=
where a denotes the area of the cross-section, I denotes the moment
of inertia. Thus, the gradient-dependent viscoelastic bending stiff-
ness D(t) can be defined, and the stiffness in Laplace space is
expressed as

sD=sEl+sAa (101)

Using the classical and high-order three-parameter viscoelastic
models, the twist angle can be presented as

- M B M
" sesn S[( E) o )

1+71gs 1+Kgs

(102)

And the bending stiffness in the Laplace space can be updated
from Eq. (102) as

EZEI+AGZ <@+ﬂ>l+ace<&+ EIKg >
N 1+TgS S ]+KgS

(103)

Applying the inverse Laplace transform, the gradient-dependent
viscoelastic bending stiffness is

D(t) = Eo(I + ace) + E; (Ie™"/" + ac.e™/*¢) (104)
At the initial point, that is t = 0, the bending stiffness is
Do = (Eo + E1)(I + ace) (105)

It is called transient gradient elastic stiffness. When time
approach infinity, that is, viscous effects are all released, the bend-
ing stiffness becomes

D.. = Eo(I + ac,) (106)

D, is called steady-state gradient elastic stiffness. The gradient
viscoelastic stiffness changes over time, but always between the
transient and steady-state gradient elastic stiffness.

Substituting Eq. (64), the gradient-dependent viscoelastic bend-
ing stiffness is

D(t) = Eol + E;le %
L Eqicg (¢ — Tg) t
+aC(f)(Eo +E1€ g)/|:1+m exp 7K7

g
—Eot
—exp<7(EO +El)rg>” (107)

Similarly, by using the correspondence principle summarized in
Section 3, Eq. (101) can also be obtained directly without compli-
cated derivations. The corresponding gradient-dependent elastic
bending stiffness is (Zhou et al., 2016)

D, =El +Aa (108)

Then, replacing E, A and D, with sE, sA and sD in the Laplace
space, respectively, the Laplace transformation of corresponding
stiffness in our strain gradient viscoelasticity theory can be
obtained, as Eq. (101).

There is a relationship between c(t) and c., as in Eq. (64). Thus,
ce is discussed as a variable of the bending stiffness here, as pre-
sented by Eq. (104). In this way, the viscosity can also be separated
from the viscoelastic gradient parameter. For the characterization
of objective laws, our gradient viscoelastic bending stiffness D(t)
is nondimensionalized by the steady-state gradient elastic stiffness
D.., and time is nondimensionalized by the relaxation time . For
illustration, parameters of the beam considered here are taken as:
b =h =1, E; = E;. Hence, the transient gradient elastic stiffness Dgy
(for t = 0) is equal to twice the steady-state one D, (for t — o),
and the dimensionless stiffness equal to 2 at t = 0. The distribu-
tions of the dimensionless bending stiffness over dimensionless
time are displayed in Fig. 5 for different ratios of gradient param-
eter and the square of beam height. The dimensionless bending
stiffness will approach unity as the time approaches infinity (Eq.
(104)), which means the results obtained by our theory tend to
the one of steady-state gradient elasticity. This is a general law
in viscoelasticity. Besides, Fig. 5 shows different gradient parame-
ters make the gradient-dependent viscoelastic solutions tend to
the steady-state gradient elastic ones at different rates. For larger
hz/ce, thick beam case, the dimensionless stiffness enters a more
table stage earlier, but it is still gradually tending to the steady-
state value.

Then, the influence of the ratio between «, and 7, on the bend-
ing stiffness is investigated. The dependence of dimensionless
bending stiffness upon t/k, is given in Fig. 6 for selected values
of Kg/7,. In this illustration, x, takes a fixed value, and 7, are dif-
ferent multiple of ;. The trends of the dimensionless bending
stiffness have a qualitative difference when k,/7, is different.
However, the dimensionless bending stiffness still approaches
unity as the time approaches infinity, which means the gradient

T T T T T T
2.0 _hz/Ce:16 -
= = *h%c=9
18 | =+ =h%c~4
_ h?/c =1
= .
g 16 \‘ transient
s o X steady-state] |
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g l4r \ e, cccacaao B
\ .
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t/K,
Fig. 5. Dimensionless bending stiffness as the function of time for different gradient
parameters. Setting /7, = 0.01. The assumption Ey = E; brings the result that the
dimensionless stiffness is 2 when t/k; = 0.
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viscoelastic stiffness is close to the steady-state gradient elastic
stiffness. Fig. 6 shows the different rates of change in dimension-
less bending stiffness for different x,/7,. For smaller xz/t,, the
downward trend of the dimensionless stiffness is slower, which
means that it will take longer to the steady-state. Besides, when
the gradient parameter is larger (Fig. 6b), the gradient viscoelastic
stiffness approaches the steady-state gradient elastic stiffness fas-
ter under the same Kz /7,.

Differences between elasticity and our gradient viscoelasticity
are discussed, as shown in Fig. 7. The bending stiffness is nondi-
mensionalized by the steady-state elastic stiffness. Steady-state
elasticity is a reference, and it corresponds to t — oo, c, = 0, that
is, D(t) = Dse = Eol; thus, the dimensionless stiffness is 1. Transient
elasticity is another reference, and it corresponds to t — 0,c. = 0,
that is, D(t) = D = (Eo + E1)I; thus, the dimensionless stiffness is
2 under Ey, = E;. At t =0, our gradient viscoelasticity is the same
as the transient gradient elasticity. The bending stiffness tends to

the transient elastic stiffness as h? /c. approaches infinity. At
t — oo, our gradient viscoelasticity tends to the steady-state gradi-
ent elasticity, and the bending stiffness tends to the steady-state

elastic stiffness as h®/c, approaches infinity. However, for time
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Fig. 6. Dimensionless bending stiffness as the function of dimensionless time for
different ratios of x; and 7,. The same assumption E, = E; is used. a) thin beam
case, hz/cE = 1. b) thick beam case, hz/cE =16.
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Fig. 7. Dimensionless bending stiffness as the function of h*/c, for different
moments. The same assumption E, = E; is used, and x;/7, = 0.01. The gradient-
dependent viscoelastic bending stiffness is nondimensionalized by the steady-state
elastic stiffness.

does not take these two points, values of bending stiffness always
between transient and steady-state gradient elastic stiffness.
Besides, solutions of transient gradient elasticity and steady-state
gradient elasticity converge to the ones of transient elasticity and
steady-state elasticity, respectively. This law is the same as the
one given in the studies of strain elasticity theories.

In all the above discussions, both classical and high-order vis-
cosity are included. However, as mentioned in section 4, the effect
of classical and high-order viscosity may be very different. For this
beam pure bending example, our gradient viscoelasticity can char-
acterize the situation considering only classical viscosity or only
high-order viscosity. If the classical viscosity is neglected (set
Ty — 00), the bending stiffness becomes
D(t) ~ Eo(I + ace) + E (I + acce"/*). The transient bending stiff-
ness remains the same, but the steady-state bending stiffness
becomes D, =Eo(I+ac.)+E;l. Thus, only the gradient-
dependent part is time-dependent. This situation may be suitable
for macroscopic non-viscous solids whose classical viscosity is
always neglected. Thus, the time-dependent property exhibited
by these solids at the micro-/nano-scale may be characterized by
higher-order viscosity. While for macroscopic viscous solids, such
as polymers, gels, time-dependent effects are obvious at both the
macroscopic scale and micro-/nano-scale. If higher-order viscosity
is neglected, the bending stiffness in the beam pure bending exam-
ple is D(t) ~ Eo(I + ac.) + E1 (Ile”"/% + ac.), and the steady-state
bending stiffness becomes D. = Eo(I + ac.) + E1ac.. The results
are illustrated in Fig. 8. It is clearly observed that the gradient-
dependent viscoelastic bending stiffness approach different values
when either classical or high-order viscosity is ignored, and these
steady-state values are larger than the one when both classical
and high-order viscosity are considered.

Through the analysis of the beam pure bending, it can be found
that our strain gradient viscoelasticity theory can describe many
phenomena that classical gradient elasticity theories can not
describe. The simplified strain gradient elasticity theory does not
contain viscosity, and it can be seen as a special case of our strain
gradient viscoelasticity theory. After ignoring viscosity, our theory
reduces to the gradient elasticity. Also, the gradient-dependent vis-
coelastic bending stiffness is related to the classical and high-order
viscoelastic models. We have only used the standard three-
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Fig. 8. Dimensionless bending stiffness as a function of time after classical (or
higher-order) viscosity is ignored. The same assumption E, = E; is used, and
hz/ce = 16. The green dash curve, xg/7, = 0.1, is for comparison. Steady-statel is
the steady-state gradient elastic bending stiffness witht; — oo (or Kk, — co). Steady-
state2 is the steady-state gradient elastic bending stiffness with the normal
classical viscosity.

parameter viscoelastic models for discussion. However, the results
of other viscoelastic models can be obtained through a similar
process.

6. Conclusion

In this paper, a strain gradient viscoelastic theory has proposed.
By using this theory, the mechanical behavior of quasi-brittle
advanced materials can be characterized, and both the viscous
effect and strain gradient effect can be described at the micro-/
nano-scale. If the strain gradient effect and viscous effect are
neglected, the strain gradient viscoelastic theory can be simplified
to the classical strain gradient elastic theory and the classical vis-
coelastic theory, respectively. In the process of deriving the theory
of strain gradient viscoelasticity, the governing equilibrium equa-
tion and boundary conditions of strain gradient viscoelasticity
have been obtained by using the variational principle. On this
basis, the correspondence principle between the form of the strain
gradient viscoelastic theory in the Laplace phase space and the
strain gradient elastic theory has been derived. This correspon-

dence principle can be used to solve the problem of strain gradient
viscoelasticity. With the help of the high-order viscoelastic model,
the time curve of material characteristic scale parameters in vis-
coelastic deformation has been obtained, which provides a way
for the observation of microstructure evolution of advanced
materials.

As an application example of the strain gradient viscoelastic
theory, this paper has analyzed the cross-scale bending problem
of the quasi-brittle advanced material beam in detail, taking into
account the viscous effect and the strain gradient effect. The gov-
erning equilibrium equation and boundary conditions of the
Bernoulli-Euler beam with strain gradient viscoelastic material
have been established. The bending stiffness of a beam has been
obtained, and the influence of viscous effect on the bending stiff-
ness has been analyzed. The results have shown that the bending
stiffness tends to be a steady-state gradient elastic stiffness with
the increase of time. When the viscous effect is neglected, the
bending stiffness tends to the theoretical solution of strain gradient
elasticity.

Declaration of Competing Interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgements

This work is supported by the National Natural Science Founda-
tion of China (No. 11890681, 11672301, 11521202 and 11432014).

References

Liu, H.Y., Wei, Y.G,, Liang, LH., Liu, X.H, Wang, Y.B.,, Ma, H.S., 2018. Damage
characterization model of ceramic coating systems based on energy analysis
and bending tests. Ceram. Int. 44 (5), 4807-4813. https://doi.org/10.1016/j.
ceramint.2017.12.068.

Song, J., Fan, C., Ma, H., Wei, Y., 2016. Hierarchical structure observation and
nanoindentation size effect characterization for a limnetic shell. Acta Mech. Sin.
32 (2), 349. https://doi.org/10.1007/s10409-015-0537-z.

Cui, B., Yang, J., Qiao, ]., Jiang, M., Dai, L., Wang, Y.-J., Zaccone, A., 2017. Atomic
theory of viscoelastic response and memory effects in metallic glasses. Phys.
Rev. B 96 (9). https://doi.org/10.1103/PhysRevB.96.094203.

Moon, RJ., Martini, A, Nairn, J., Simonsen, J., Youngblood, J., 2011. Cellulose
nanomaterials review: Structure, properties and nanocomposites. Chem. Soc.
Rev. 40 (7), 3941-3994. https://doi.org/10.1039/c0cs00108b.

Koumoulos, E.P., Jagdale, P., Kartsonakis, I.A., Giorcelli, M., Tagliaferro, A., Charitidis,
C.A,, 2015. Carbon nanotube/polymer nanocomposites: A study on mechanical
integrity through nanoindentation. Polym. Compos. 36 (8), 1432-1446. https://
doi.org/10.1002/pc.23049.

Zhong, ]., Yan, J., 2016. Seeing is believing: Atomic force microscopy imaging for
nanomaterial research. RSC Adv. 6 (2), 1103-1121. https://doi.org/10.1039/
C5RA22186B.

Morales-Rivas, L., Gonzélez-Orive, A., Garcia-Mateo, C., Hernindez-Creus, A.,
Caballero, F.G., Vazquez, L, 2015. Nanomechanical characterization of
nanostructured bainitic steel: Peak Force Microscopy and Nanoindentation
with AFM. Sci. Rep. 5, 17164. https://doi.org/10.1038/srep17164.

Lurie, S., Belov, P., Volkov-Bogotodsky, D., Tuchkova, N., 2003. Nanomechanical
modeling of the nanostructures and dispersed composites. Comput. Mater. Sci.
28 (3-4), 529-539. https://doi.org/10.1016/j.commatsci.2003.08.010.

Ma, Q., Clarke, D.R., 1995. Size dependent hardness of silver single crystals. ]. Mater.
Res. 10 (4), 853-863. https://doi.org/10.1557/JMR.1995.0853.

Lam, D.C.C,, Yang, F., Chong, A.C.M., Wang, ]., Tong, P., 2003. Experiments and theory
in strain gradient elasticity. J. Mech. Phys. Solids 51 (8), 1477-1508. https://doi.
org/10.1016/5S0022-5096(03)00053-X.

Mcfarland, A.W.,, Colton, J.S., 2005. Role of material microstructure in plate stiffness
with relevance to microcantilever sensors. J. Micromech. Microeng. 15 (5),
1060-1067. https://doi.org/10.1088/0960-1317/15/5/024.

Lei, J., He, Y., Guo, S., Li, Z, Liu, D., 2016. Size-dependent vibration of nickel
cantilever microbeams: Experiment and gradient elasticity. AIP Adv. 6, (10).
https://doi.org/10.1063/1.4964660 105202.

Long, X., Tang, W., Feng, Y., Chang, C., Keer, L.M,, Yao, Y., 2018. Strain rate sensitivity
of sintered silver nanoparticles using rate-jump indentation. Int. J. Mech. Sci.
140, 60-67. https://doi.org/10.1016/j.ijmecsci.2018.02.035.

Hiroyuki Yamada, Nagahisa Ogasawara, Yoko Shimizu, Keitaro Horikawa, Hidetoshi
Kobayashi, and Xi Chen, “Effect of High Strain Rate on Indentation in Pure


https://doi.org/10.1016/j.ceramint.2017.12.068
https://doi.org/10.1016/j.ceramint.2017.12.068
https://doi.org/10.1007/s10409-015-0537-z
https://doi.org/10.1103/PhysRevB.96.094203
https://doi.org/10.1039/c0cs00108b
https://doi.org/10.1002/pc.23049
https://doi.org/10.1002/pc.23049
https://doi.org/10.1039/C5RA22186B
https://doi.org/10.1039/C5RA22186B
https://doi.org/10.1038/srep17164
https://doi.org/10.1016/j.commatsci.2003.08.010
https://doi.org/10.1557/JMR.1995.0853
https://doi.org/10.1016/S0022-5096(03)00053-X
https://doi.org/10.1016/S0022-5096(03)00053-X
https://doi.org/10.1088/0960-1317/15/5/024
https://doi.org/10.1063/1.4964660
https://doi.org/10.1016/j.ijmecsci.2018.02.035

Z. Lin, Y. Wei/International Journal of Solids and Structures 203 (2020) 197-209 209

Aluminum,” Journal of Engineering Materials and Technology, Transactions of
the ASME, vol. 135, no. 2, 2013, doi: 10.1115/1.4023778.

Li, X.Y.,, Wei, Y], Lu, L, Lu, K,, Gao, H., 2010. Dislocation nucleation governed
softening and maximum strength in nano-twinned metals. Nature 464 (7290),
877-880. https://doi.org/10.1038/nature08929.

Jun, S, Tashi, T., Park, H.S., 2011. Size Dependence of the Nonlinear Elastic Softening
of Nanoscale Graphene Monolayers under Plane-Strain Bulge Tests: A Molecular
Dynamics Study. J. Nanomater. 2011, 1-6. https://doi.org/10.1155/2011/
380286.

Li, X, Wang, X., Xiong, Q., Eklund, P.C., 2005. Mechanical properties of ZnS
nanobelts. Nano Lett. 5 (10), 1982-1986. https://doi.org/10.1021/nl0513885.

Fleck, N.A., Muller, G.M., Ashby, M.F., Hutchinson, J.W., 1994. Strain gradient
plasticity: threory and experiment. Acta Metall. Mater. 42 (2), 475-487. https://
doi.org/10.1016/0956-7151(94)90502-9.

Mindlin, R.D., 1964. Micro-structure in linear elasticity. Arch. Ration. Mech. Anal. 16
(1), 51-78. https://doi.org/10.1007/BF00248490.

Mindlin, R.D., Eshel, N.N., 1968. On first strain-gradient theories in linear elasticity.
Int. J. Solids Struct. 4 (1), 109-124. https://doi.org/10.1016/0020-7683(68)
90036-X.

Altan, B.S., Aifantis, E.C., 1997. On some aspects in the special theory of gradient
elasticity. J. Mech. Behav. Mater. 8 (3), 30. https://doi.org/10.1515/
JMBM.1997.8.3.231.

Aifantis, E.C., 1992. On the role of gradients in the localization of deformation and
fracture. Int. J. Solids Struct. 30 (10), 1279-1299. https://doi.org/10.1016/0020-
7225(92)90141-3.

Askes, H., Aifantis, E.C., 2011. Gradient elasticity in statics and dynamics: An
overview of formulations, length scale identification procedures, finite element
implementations and new results. Int. J. Solids Struct. 48 (13), 1962-1990.
https://doi.org/10.1016/j.ijsolstr.2011.03.006.

Lazar, M., Maugin, G.A., 2005. Nonsingular stress and strain fields of dislocations
and disclinations in first strain gradient elasticity. Int. J. Eng. Sci. 43 (13-14),
1157-1184. https://doi.org/10.1016/j.ijengsci.2005.01.006.

Papargyri-Beskou, S., Tsepoura, K.G., Polyzos, D., Beskos, D.E., 2003. Bending and
stability analysis of gradient elastic beams. Int. J. Solids Struct. 40 (1), 385-400.
https://doi.org/10.1016/S0020-7683(02)00522-X.

Lurie, S., Solyaev, Y., 2018. Revisiting bending theories of elastic gradient beams. Int.
J. Eng. Sci. 126, 1-21. https://doi.org/10.1016/j.ijengsci.2018.01.002.

Lazopoulos, K.A., 2009. On bending of strain gradient elastic micro-plates. Mech.
Res. Commun. 36 (7), 777-783. https://doi.org/10.1016/j.
mechrescom.2009.05.005.

Liu, D. et al., 2013. Toward a further understanding of size effects in the torsion of
thin metal wires: An experimental and theoretical assessment. Int. . Plast. 41,
30-52. https://doi.org/10.1016/j.ijplas.2012.08.007.

Lazopoulos, K.A., Lazopoulos, A.K., 2012. On the torsion problem of strain gradient
elastic bars. Mech. Res. Commun. 45, 42-47. https://doi.org/10.1016/j.
mechrescom.2012.06.007.

Sidhardh, S., Ray, M.C., 2018. Inclusion problem for a generalized strain gradient
elastic continuum. Acta Mech. 229 (9), 3813-3831. https://doi.org/10.1007/
s00707-018-2199-y.

Miihlich, U., Zybell, L., Kuna, M., 2012. Estimation of material properties for linear
elastic strain gradient effective media. Eur. ]J. Mech. A. Solids 31 (1), 117-130.
https://doi.org/10.1016/j.euromechsol.2011.06.011.

Gao, X.L, Park, S.K., 2007. Variational formulation of a simplified strain gradient
elasticity theory and its application to a pressurized thick-walled cylinder
problem. Int. J. Solids Struct. 44 (22-23), 7486-7499. https://doi.org/10.1016/j.
ijsolstr.2007.04.022.

Fleck, N.A., Hutchinson, J.W., 1993. A phenomenological theory for strain gradient
effects in plasticity. J. Mech. Phys. Solids 41 (12), 1825-1857. https://doi.org/
10.1016/0022-5096(93)90072-N.

Fleck, N.A., Hutchinson, J.W., 1997. Strain Gradient Plasticity. Adv. Appl. Mech. 33,
295-361.

Wei, Y.G., Hutchinson, J.W., 1997. Steady-state crack growth and work of fracture
for solids characterized by strain gradient plasticity. J. Mech. Phys. Solids 45 (8),
1253-1273. https://doi.org/10.1016/S0022-5096(97)00018-5.

Qu, S., Huang, Y., Pharr, G.M., Hwang, K.C., 2006. The indentation size effect in the
spherical indentation of iridium: A study via the conventional theory of
mechanism-based strain gradient plasticity. Int. J. Plast. 22 (7), 1265-1286.
https://doi.org/10.1016/j.ijplas.2005.07.008.

Huang, Y., Qu, S., Hwang, K.C,, Li, M., Gao, H., 2004. A conventional theory of
mechanism-based strain gradient plasticity. Int. J. Plast. 20 (4-5), 753-782.
https://doi.org/10.1016/j.ijplas.2003.08.002.

Wei, Y.G., Hutchinson, J.W., 2003. Hardness trends in micron scale indentation. J.
Mech. Phys. Solids 51 (11-12), 2037-2056. https://doi.org/10.1016/j.
jmps.2003.09.011.

Wei, Y., 2006. A new finite element method for strain gradient theories and
applications to fracture analyses. Eur. J. Mech. A. Solids 25 (6), 897-913. https://
doi.org/10.1016/j.euromechsol.2006.03.001.

Dona, M., Palmeri, A., Lombardo, M., 2014. Exact closed-form solutions for the static
analysis of multi-cracked gradient-elastic beams in bending. Int. J. Solids Struct.
51 (15-16), 2744-2753. https://doi.org/10.1016/j.ijsolstr.2014.02.020.

Wei, Y.G., Wang, X.Z, Wu, X.L., Bai, Y.L, 2001. Theoretical and experimental
researches of size effect in micro-indentation test. Science in China Series a-
Mathematics Physics Astronomy 44 (1), 74-82. https://doi.org/10.1007/
bf02872285.

Chong, A.C.M., Lam, D.C.C., 1999. Strain gradient plasticity effect in indentation
hardness of polymers. ]. Mater. Res. 14 (10), 4103-4110. https://doi.org/
10.1557/JMR.1999.0554.

Voyiadjis, G.Z., Deliktas, B., 2009. Formulation of strain gradient plasticity with
interface energy in a consistent thermodynamic framework. Int. J. Plast. 25 (10),
1997-2024. https://doi.org/10.1016/].ijplas.2008.12.014.

Nikolov, S., Han, C.-S., Raabe, D., 2007. On the origin of size effects in small-strain
elasticity of solid polymers. Int. ]. Solids Struct. 44 (5), 1582-1592. https://doi.
org/10.1016/j.ijsolstr.2006.06.039.

Philippart, A., Boccaccini, AR, Fleck, C., Schubert, D.W., Roether, J.A., 2015.
Toughening and functionalization of bioactive ceramic and glass bone
scaffolds by biopolymer coatings and infiltration: A review of the last 5 years.
Expert Rev. Med. Devices 12 (1), 93-111. https://doi.org/10.1586/
17434440.2015.958075.

Honglin, L. et al., 2017. Constructing three-dimensional nanofibrous bioglass/gelatin
nanocomposite scaffold for enhanced mechanical and biological performance.
Chem. Eng. J. 326, 210-221. https://doi.org/10.1016/j.cej.2017.05.115.

Oyen, M.L,, 2013. Mechanical characterisation of hydrogel materials. Int. Mater. Rev.
59 (1), 44-59. https://doi.org/10.1179/1743280413Y.0000000022.

Lam, D.C.C., Chong, A.C.M., 2000. Effect of cross-link density on strain gradient
plasticity in epoxy. Mater. Sci. Eng., A 281 (1-2), 156-161. https://doi.org/
10.1016/S0921-5093(99)00724-8.

Alisafaei, F., Han, C.-S., Lakhera, N., 2014. Characterization of indentation size effects
in epoxy. Polym. Test. 40, 70-78.  https://doi.org/10.1016/].
polymertesting.2014.08.012.

Han, C.-S., Nikolov, S., 2007. Indentation size effects in polymers and related
rotation gradients. ]J. Mater. Res. 22 (06), 1662-1672. https://doi.org/10.1557/
JMR.2007.0197.

Gao, H., Huang, Y., Nix, W.D., Hutchinson, J.W., 1999. Mechanism-based strain
gradient plasticity-I. theory. J. Mech. Phys. Solids 47 (2), 1239-1263.

Swaddiwudhipong, S., Poh, L.H., Hua, ]., Liu, Z.S., Tho, K.K., 2005. Modeling nano-
indentation tests of glassy polymers using finite elements with strain gradient
plasticity. Mater. Sci. Eng., A 404 (1-2), 179-187. https://doi.org/10.1016/].
msea.2005.05.063.

Argon, A.S., 1973. A theory for the low-temperature plastic deformation of glassy
polymers. Phil. Mag. 28 (4), 839-865. https://doi.org/10.1080/
14786437308220987.

Crichton, M.L,, Chen, X., Huang, H., Kendall, M.A.F., 2013. Elastic modulus and
viscoelastic properties of full thickness skin characterised at micro scales.
Biomaterials 34 (8), 2087-2097. https://doi.org/10.1016/j.
biomaterials.2012.11.035.

Chen, J., Wright, KE., Birch, M.A., 2014. Nanoscale viscoelastic properties and
adhesion of polydimethylsiloxane for tissue engineering. Acta Mech. Sin. 30 (1),
2-6. https://doi.org/10.1007/s10409-014-0022-0.

Li, Y. et al,, 2018. Non-contact tensile viscoelastic characterization of microscale
biological materials. Acta Mech. Sin. 34 (3), 589-599. https://doi.org/10.1007/
$10409-017-0740-1.

Tranchida, D., Kiflie, Z., Acierno, S., Piccarolo, S., 2009. Nanoscale mechanical
characterization of polymers by atomic force microscopy (AFM)
nanoindentations: viscoelastic characterization of a model material. Meas. Sci.
Technol. 20 (9), 095702. https://doi.org/10.1088/0957-0233/20/9/095702.

Valanis, K.C., 1997. A gradeint theory of finite viscoelasticity. Archives of Mechanics
49 (3), 589-609.

lesan, D., Quintanilla, R., 2013. On a strain gradient theory of thermoviscoelasticity.
Mech. Res. Commun. 48, 52-58. https://doi.org/10.1016/j.
mechrescom.2012.12.003.

Fleck, N.A., Hutchinson, J.W., 2001. A reformulation of strain gradient plasticity. J.
Mech. Phys. Solids 49 (10), 2245-2271. https://doi.org/10.1016/S0022-5096
(01)00049-7.

Niordson, C., 2004. Size-effects in plane strain sheet-necking. J. Mech. Phys. Solids
52 (11), 2431-2454. https://doi.org/10.1016/j.jmps.2004.05.009.

Borg, U., Niordson, C.F., Fleck, N.A,, Tvergaard, V., 2006. A viscoplastic strain gradient
analysis of materials with voids or inclusions. Int. J. Solids Struct. 43 (16), 4906-
4916. https://doi.org/10.1016/].ijsolstr.2005.05.022.

Lele, S.P., Anand, L., 2009. A large-deformation strain-gradient theory for isotropic
viscoplastic materials. Int. J. Plast. 25 (3), 420-453. https://doi.org/10.1016/j.
ijplas.2008.04.003.

Christensen, R.M., 1982. Theory of viscoelasticity. Dover Publications, Mineola N.Y..

Gurtin, M.E., 1963. Variational principles in the linear theory of viscoelusticity. Arch.
Ration. Mech. Anal. 13 (1), 179-191.

Zhou, S., Li, A., Wang, B., 2016. A reformulation of constitutive relations in the strain
gradient elasticity theory for isotropic materials. Int. J. Solids Struct. 80, 28-37.
https://doi.org/10.1016/j.ijsolstr.2015.10.018.


https://doi.org/10.1038/nature08929
https://doi.org/10.1155/2011/380286
https://doi.org/10.1155/2011/380286
https://doi.org/10.1021/nl0513885
https://doi.org/10.1016/0956-7151(94)90502-9
https://doi.org/10.1016/0956-7151(94)90502-9
https://doi.org/10.1007/BF00248490
https://doi.org/10.1016/0020-7683(68)90036-X
https://doi.org/10.1016/0020-7683(68)90036-X
https://doi.org/10.1515/JMBM.1997.8.3.231
https://doi.org/10.1515/JMBM.1997.8.3.231
https://doi.org/10.1016/0020-7225(92)90141-3
https://doi.org/10.1016/0020-7225(92)90141-3
https://doi.org/10.1016/j.ijsolstr.2011.03.006
https://doi.org/10.1016/j.ijengsci.2005.01.006
https://doi.org/10.1016/S0020-7683(02)00522-X
https://doi.org/10.1016/j.ijengsci.2018.01.002
https://doi.org/10.1016/j.mechrescom.2009.05.005
https://doi.org/10.1016/j.mechrescom.2009.05.005
https://doi.org/10.1016/j.ijplas.2012.08.007
https://doi.org/10.1016/j.mechrescom.2012.06.007
https://doi.org/10.1016/j.mechrescom.2012.06.007
https://doi.org/10.1007/s00707-018-2199-y
https://doi.org/10.1007/s00707-018-2199-y
https://doi.org/10.1016/j.euromechsol.2011.06.011
https://doi.org/10.1016/j.ijsolstr.2007.04.022
https://doi.org/10.1016/j.ijsolstr.2007.04.022
https://doi.org/10.1016/0022-5096(93)90072-N
https://doi.org/10.1016/0022-5096(93)90072-N
http://refhub.elsevier.com/S0020-7683(20)30307-3/h0170
http://refhub.elsevier.com/S0020-7683(20)30307-3/h0170
https://doi.org/10.1016/S0022-5096(97)00018-5
https://doi.org/10.1016/j.ijplas.2005.07.008
https://doi.org/10.1016/j.ijplas.2003.08.002
https://doi.org/10.1016/j.jmps.2003.09.011
https://doi.org/10.1016/j.jmps.2003.09.011
https://doi.org/10.1016/j.euromechsol.2006.03.001
https://doi.org/10.1016/j.euromechsol.2006.03.001
https://doi.org/10.1016/j.ijsolstr.2014.02.020
https://doi.org/10.1007/bf02872285
https://doi.org/10.1007/bf02872285
https://doi.org/10.1557/JMR.1999.0554
https://doi.org/10.1557/JMR.1999.0554
https://doi.org/10.1016/j.ijplas.2008.12.014
https://doi.org/10.1016/j.ijsolstr.2006.06.039
https://doi.org/10.1016/j.ijsolstr.2006.06.039
https://doi.org/10.1586/17434440.2015.958075
https://doi.org/10.1586/17434440.2015.958075
https://doi.org/10.1016/j.cej.2017.05.115
https://doi.org/10.1179/1743280413Y.0000000022
https://doi.org/10.1016/S0921-5093(99)00724-8
https://doi.org/10.1016/S0921-5093(99)00724-8
https://doi.org/10.1016/j.polymertesting.2014.08.012
https://doi.org/10.1016/j.polymertesting.2014.08.012
https://doi.org/10.1557/JMR.2007.0197
https://doi.org/10.1557/JMR.2007.0197
http://refhub.elsevier.com/S0020-7683(20)30307-3/h0255
http://refhub.elsevier.com/S0020-7683(20)30307-3/h0255
https://doi.org/10.1016/j.msea.2005.05.063
https://doi.org/10.1016/j.msea.2005.05.063
https://doi.org/10.1080/14786437308220987
https://doi.org/10.1080/14786437308220987
https://doi.org/10.1016/j.biomaterials.2012.11.035
https://doi.org/10.1016/j.biomaterials.2012.11.035
https://doi.org/10.1007/s10409-014-0022-0
https://doi.org/10.1007/s10409-017-0740-1
https://doi.org/10.1007/s10409-017-0740-1
https://doi.org/10.1088/0957-0233/20/9/095702
http://refhub.elsevier.com/S0020-7683(20)30307-3/h0290
http://refhub.elsevier.com/S0020-7683(20)30307-3/h0290
https://doi.org/10.1016/j.mechrescom.2012.12.003
https://doi.org/10.1016/j.mechrescom.2012.12.003
https://doi.org/10.1016/S0022-5096(01)00049-7
https://doi.org/10.1016/S0022-5096(01)00049-7
https://doi.org/10.1016/j.jmps.2004.05.009
https://doi.org/10.1016/j.ijsolstr.2005.05.022
https://doi.org/10.1016/j.ijplas.2008.04.003
https://doi.org/10.1016/j.ijplas.2008.04.003
http://refhub.elsevier.com/S0020-7683(20)30307-3/h0320
http://refhub.elsevier.com/S0020-7683(20)30307-3/h0325
http://refhub.elsevier.com/S0020-7683(20)30307-3/h0325
https://doi.org/10.1016/j.ijsolstr.2015.10.018

Update

International Journal of Solids and Structures
Volume 214-215, Issue , April 2021, Page 81

DOI: https://doi.org/10.1016/j.ijsolstr.2021.01.006



 https://doi.org/10.1016/j.ijsolstr.2021.01.006

International Journal of Solids and Structures 214-215 (2021) 81

Contents lists available at ScienceDirget = SOLDSMD
STRUCTURES

International Journal of Solids and Structures

journal homepage: www.elsevier.com/locate/ijsolstr

Corrigendum to “A strain gradient linear viscoelasticity theory” R
[Int. ]. Solids. Struct., 203 (2020), 197-209] G

Zhongya Lin, Yueguang Wei *

Department of Mechanics and Engineering Science, College of Engineering, BIC-ESAT, Peking University, Beijing 100871, China

The authors regret the typographical errors of some formulas in the article. Eight corrections are listed below:

Page Should read
199, Eq. (3) Ay = Col,
Az = C.G.
199, Eq. (5) gjj = % = 5,']').8pp + ZGSU = Oji,
Tijk = %Vk = Ce (0 2Eppk + 2GEiji) = Tiik-
199, Eq. (10) (03 — Tijrr) 1y — Dj(MicTi) + (Dyny) e Tijee = Pi, OF U = Ui
T,‘jknjnk = a,‘, or u,;,n, = %
199, Eq. (15) si(t) = 2G(t) * de(t),
Tpp(t) = 3K(t) + depp(1).
200, Eq. (18) 5 = ZSE;Eij,

Opp = 35K &pp,

&U = ZSE;EU + 5US;LEPP.
200, Eq. (19) Oe=00+01,

e =F 7,

g =
201, Eq. (43) oijj+fi=0;

O',jnj = Dj, Or U; = U;.
204, Eq. (77) &1 = —zw’;

e = —zw"”,

&113 = —w".

The authors would like to apologise for any inconvenience caused

DOI of original article: https://doi.org/10.1016/j.ijsolstr.2020.08.008
* Corresponding author.
E-mail address: weiyg@pku.edu.cn (Y. Wei).

https://doi.org/10.1016/j.ijsolstr.2021.01.006
0020-7683/© 2020 Elsevier Ltd. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijsolstr.2021.01.006&domain=pdf
https://doi.org/10.1016/j.ijsolstr.2021.01.006
https://doi.org/10.1016/j.ijsolstr.2020.08.008
mailto:weiyg@pku.edu.cn

	A strain gradient linear viscoelasticity theory
	1 Introduction
	2 Related theories
	2.1 The simplified strain gradient elasticity theory
	2.2 Viscoelastic theory

	3 Strain gradient viscoelasticity theory
	3.1 Variational formulation for strain gradient linear viscoelastic
	3.2 Gradient viscoelasticity for linear isotropic solids

	4 High-Order viscoelastic model
	5 An example: bending of beam
	5.1 Gradient viscoelastic beam model
	5.2 Bending solutions of gradient viscoelastic beam

	6 Conclusion
	Declaration of Competing Interest
	Acknowledgements
	References

	Update
	Corrigendum to “A strain gradient linear viscoelasticity theory”�[Int. J. Solids. Struct., 203 (2020), 197–209]


